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Covering R-trees, R-free groups, dendrites, and all that

Valery N. Berestovskii, Condrad P. Plaut

We prove that every length space X is the orbit space (with the
quotient metric) of an R-tree X via a free action of a subgroup I'(X) of
isometries of X. X is defined as the space of based “non-backtracking”
rectifiable paths in X, where the distance between two paths is the
sum of their lengths from the first bifurcation point to their endpoints.
['(X) C X is the subset of loops with a natural group structure of
“canceled concatenation” and the quotient mapping ¢ : X — X is the
end-point map. The mapping ¢ : X — X is a kind of generalized
universal covering map called a URL-map, and X is the unique (up
to isometry) R-tree that admits a URL-map onto X. Here a function
f between length spaces is called unique rectifiable lifting (URL) if it
has the following two properties: (I) f preserves the length of rectifiable
paths in the sense that the length of ¢ is equal to the length of f o ¢ for
every rectifiable path ¢ in X; (II) If ¢ is any rectifiable path in Y starting
at a point p and f(q) = p then there is a unique path ¢y, starting at ¢
such that f ocyp = ¢, and ¢y, is rectifiable.

When X is a local R-tree, ¢ : X — X is the traditional universal
covering map and the group I'(X) = m(X), the fundamental group of
X. When X is a complete Riemannian manifold M" of dimension n > 2,
or a fractal curve such as the Menger sponge M, the Sierpin’ski carpet
S, or gasket S,, X is isometric to the so-called “universal” R-tree A.,
which has valency the continuum ¢ =28° at each point.

Recall that for a point ¢ in a R-tree T', the valency at ¢ is the
cardinality of the set of connected components of T\{t}, and T is said to
have valency at most p if the valency of every point in T is at most p. A
nontrivial complete metrically homogeneous R-tree can be characterized
as a complete R-tree A, with valency p at each point for a cardinal
number p > 2. It is unique up to isometry, and p-universal in the sense
that every R-tree of valency at most p isometrically embeds in A,. The
existence of A, and the results just mentioned were proved in [I]; A can
be isometrically embedded at infinity in the Lobachevski space L™, n > 2.

For a general separable length space X, X is a subtree of A.. When
X is M™, M, S., or the Hawaiian earring H with a compatible length
metric, I'(X) is infinitely generated, locally free, not free, and cannot be
presented as a free product of fundamental groups of closed surfaces and
abelian groups. Moreover, X is the minimal invariant R-tree relative to
the action of I'(X). Hence in these cases the action of I'(X) on X adds
to previous examples of Dunwoody and Zastrow [2] that give a negative



answer to a question of J.W.Morgan. Indeed, for a particular choice of
length metric on H, we obtain precisely Zastrow’s example.
The complete text is given in the preprint [3].
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On the conjugacy separability for subgroups

in the class of virtually free groups

Oleg V. Bogopolski, F. Grunewald

A group G is called conjugacy separable if for every two elements
g1, g2 of G, either g1 is conjugate to go, or there exists a finite quotient
G of G, such that the image of g; is not conjugate to the image of g» in
G.

We say that a group G has the conjugacy separability property for
finitely generated subgroups, if the analogous property holds for every
two finitely generated subgroups H;, Hs of G.

This research was motivated, on the one hand by the works of P.F. Stebe [5]
and J.L. Dyer [2], who proved that finitely generated virtually free groups
are conjugacy separable, and on the other hand by the work of F. Grunewald
and D.Segal [4], who proved that virtually polycyclic groups have the
conjugacy separability property for finitely generated subgroups.

Recall that by a theorem of Stallings, every finitely generated virtually
free group can be represented as the fundamental group of a finite graph
of finite groups. We prove the following theorem.

Theorem. Let G be the fundamental group of a finite tree of finite
groups. Then G has the conjugacy separability property for finitely generated
subgroups.

In the proof we use a technique from the paper [I] and a conjecture
of Erdos about girths of bipartite graphs, which was proved in [3].
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Universal algebraic geometry

Evelina Yu. Daniyarova, Alexei G. Miasnikov,
Vladimir N. Remeslennikov

Quite often relations between sets of elements of a fixed algebraic
structure A can be described in terms of equations over A. In the classical
case, when A is a field, the area of mathematics where such relations are
studied is known under the name of algebraic geometry. It is natural to
use the same name in the general case.

Algebraic geometry over arbitrary algebraic structures is a new area
of research in modern algebra, nevertheless, there are already several
breakthrough particular results here, as well as, interesting developments
of a general theory.

Cumulative to nowadays material of analysis of structures of algebraic
sets over concrete algebraic structures (groups, rings, algebras, etc.)
create a necessity of theoretical conception of this material. There are
general results which hold in the algebraic geometries over arbitrary
algebraic structures, we refer to them as the universal algebraic geometry.
Research in this area started with a series of papers by B.I.Plotkin,
G.Baumslag, A. G. Miasnikov, and V. N. Remeslennikov.

Now we work for a preparation of a series of papers on universal
algebraic geometry, the main purpose of which is to lay down the basics
of the algebraic geometry over arbitrary algebraic structure A and prove
general results in universal algebraic geometry.

At lectures on universal algebraic geometry audience will get to know
how to define such notions of universal algebraic geometry as an equation
over A, an algebraic set over A, a radical, a coordinate algebra, the
Zariski topology, an irreducible set and equationally Noetherian algebra.

Among general results in universal algebraic geometry note: 1) Theorem
on dual equivalence of the category of algebraic sets over .4 and the
category of coordinate algebras of algebraic sets over A, and 2) the
following unification theorem.

Theorem. Let A be an equationally Noetherian algebra in a language
L (with no predicates). Then for a finitely generated algebra C of L the
following conditions are equivalent:

1. Thv(A) - Thv(C), i.e.,Cé€ UCl(A),
2. Thg(.A) D) Thg(C),‘

3. C embeds into an ultrapower of A;



4. C is discriminated by A;
5. C is a limit algebra over A;

6. C is an algebra defined by a complete atomic type in the theory
Thv(.A) m ,C,'

7. C is the coordinate algebra of a non-empty irreducible algebraic set
over A defined by a system of equations in the language L.
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Measuring in free groups
and amalgamated products of groups

Elizaveta V. Frenkel, Alexei G. Miasnikov,
Vladimir N. Remeslennikov

In this work we study asymptotic behavior of regular subsets in a
free group F' of finite rank, compare their sizes at infinity, and develop
techniques to compute the probabilities of sets relative to distributions
on F' that come naturally from no-return random walks on the Cayley
graph of F. We apply these techniques to study cosets, double cosets,
and Schreier representatives of finitely generated subgroups of F' and
also to analyze relative sizes of regular prefixed-closed subsets in F.
We also work with a free product of finitely generated free groups with
amalgamation (over finitely generated group) and introduce several new
types of (bidimensional) asymptotic densities on this algebraic object.
Moreover, we construct procedures of random normal forms generation,
define probabilities of such a generated normal form and give estimates
of sizes at infinity of singular and unstable normal forms relative to
enclosing sets of normal forms.
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Upper estimates of the mean extinction time
of a population with a constant carrying capacity

Sergey A. Klokov

Let K > 0 be thecarrying capacity of a biological system with
non-overlapping generations and individuals of an identical type. For
a given individual, the distribution of offspring depends on the current
population size in the following way. If there are k individuals in the
current generation, each individual produces a Poisson number of offspring
with parameter m independently of others. If the population size is
less (greater) than K, then more (less) than one offspring is produced on
average, and the dynamics of the population is described by a supercritical
(subcritical) process when the population size is less (greater) than K.
In the beginning the population size approaches to K rather quickly
and then the population dies out after prolonged oscillations about the
level K.

Let X,, be the population size in the n-th generation. The sequence
(X,) is a homogeneous Markov chain with state spaceZ,. The state
0 is absorbing and infx~opro = e 2% > 0, hence every population
dies out with probability 1. Let 74, be a random time until extinction
of the population having initial size k. The probability of an immediate
extinction is at least e 2% and comparing to the geometrical distribution
with parameterp = e~2X gives a rough upper estimate for the mean
extinction time,

]E’Tk S Y 1 = €2K. (1)
infr>0pr,0
We are interested in more realistic upper estimates for E7;, and show
that a theoretical upper bound of the type sup, Erx < Ce holds with
the constant ¢ = 0.707.

Theorem. Let K > 9 be the carrying capacity. If the current population’s
size equals k, then each individual produces a Poisson number of offspring
with pammeterm and dies. Let [x] stand for the integer part of x,

_ [0.4974-K] _ [0.2899-aK]
=", b= g

2 2 203
a,f)=1l—a+alha+ ——af —afln + ,
9(a. ) 4o PP g s T 1 a8

(2)
and find an integer m to satisfy the inequality

logy (1 + VK) +3 <m < logy(1+ VK) + 4. (3)
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Then for the extinction timeT, of a population with initial size k the
following estimate is true,

sup Eri < 103(1 — a)(2— (1 + a)B)a/BEK (m +1)2.5m 39 @DE (4)
keN
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A minimal generating system for invariants of several
bilinear forms in dimension two case

Artem A. Lopatin

We work over an infinite field K of arbitrary characteristic. Let V'
be a vector space of dimension n, (-,-)p,,...,(-,*)p, be bilinear forms
onV, (,)qs---,(-,")q, be bilinear forms on the dual space V*, and
fi,--., fa be linear maps V" — V. We fix a basis for V' and the dual
basis for V*. The above mentioned datum is determined by a point in
X = M?@® M"@® M?, where M stands for all n x n matrices over K. The
action of GL(n) on V as a base change induces the action on X. The
orbits of this action correspond to isomorphism classes of the mentioned
bilinear forms and linear maps. We explicitly described a minimal (by
inclusion) system of generators for the algebra of invariants K[X]%L(%)
in case n = 2.

Artem A. Lopatin,
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Limit algebras

Vladimir N. Remeslennikov

Fix an algebraic structure (an algebra) A in a language £ (with no
predicates). In the paper [1] following theorem is proved.

Theorem. Let A be an equationally Noetherian algebra in a language
L. Then for a finitely generated algebra C of L the following conditions
are equivalent:

1. C is the coordinate algebra of a non-empty irreducible algebraic set
over A defined by a system of equations in the language L;

2. Thy(A) C Thy(C), i-e., C € Ucl(A);
3. Ths(A) 2 Ths(C);

4. C embeds into an ultrapower of A;
5. C is discriminated by A;

6. C is a limit algebra over A;

7. C is an algebra defined by a complete atomic type in the theory
Thv(A) in L.

Denote by U = Ucl(A) the universal closure of A and by U,, — class
of finitely generated algebras from U.

It is shown in [1] that all coordinate algebras of irreducible algebraic
sets over A, defined by systems of equations in the language £, enter into
U,,. Moreover, if algebra A is equationally Noethrian, then by Theorem
above inverse inclusion also holds. So the problem of classification of
irreducible algebraic sets over A is equivalent to the problem of classification
of algebras from the class U,,,.

There exist several notions of limit algebra. They arose from investigation
of algebras from U,, by means of topological methods. We give tree basic
definitions of limit algebra for algebra A. For all of these definitions
algebras from U, and only they will be limit algebras.
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Densities of equations over groups

Robert H. Gilman, Alexei G. Myasnikov, Vitalii A. Roman’kov

The study of asymptotic properties in group theory has a long history.
Usually the asymptotic densities involved are either zero or one. We
provide new examples of algebraically significant sets of intermediate
asymptotic density. We show that the set of all equations in k variables
over a free nilpotent group which are satisfiable in that group has intermediate
density. For a free abelian groups of rank m the density is ((k+m)/(k).
For (absolutely) free groups we have a density result similar to the one
for free nilpotent groups but with respect to equations of a particular
form. By identifying these equations with elements of free groups, we
obtain the first natural examples of sets of intermediate density for free
groups of rank greater than two.
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Polynomial complexity classes
over real algebras with nilpotent elements

Alexander N. Rybalov

We consider a computational complexity theory over arbitrary algebraic
structures from [2] based on an approach to generalized computability
developed by Ashaev, Belyaev and Myasnikov in [I]]. Let A be an algebra
over R with a nilpotent element «v. We prove that analogs of the classical
computational complexity classes P and NP over A are different.
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On regularity and differential invariants of geometric
structures and Lie pseudogroups

Rafael A. Sarkisyan

By a bundle of geometric structures on an oriented manifold X, we
call a bundle associated with the principal bundle of oriented frames (or,
coframes, which is the same) of order ¢ of this manifold. A bundle of
geometric structures F is called nonspecial bundle if the dimension m
of its fiber is higher than the dimension n of it’s base X; otherwise, F
is called special bundle. The number of functionally independent local
differential invariants of a nonspecial bundle E at a sufficiently general
point of F increases to infinity as the differential degree of these invariants
grows. The action of a group or a pseudogroup on some manifold is said
to be regular at a point z of this manifold if the dimension of orbits of
this action is constant in some neighborhood of z. For the case n > 2
each special manifold at each regular point is locally isomorphic (this
isomorphism commutes with the action of the group Dif f(X)) to one
of the 19 types of sample manifolds E;. (One may deal with the cases
n = 1 and n = 2 in the similar way by changing some formulations of the
results.) For all sample manifolds, the action of the group Dif f(X) on E;
is described. The canonical forms of sufficiently general local sections of
special bundles are listed. For any special bundle E the finite complete
set T of functionally independent differential invariants is written out
explicitly. Completeness of set T" means that each differential invariant
(of arbitrary differential degree) at any sufficiently general point of E
may be represented as a superposition of invariants, belonging to set
T. Further discussion is valid for an arbitrary Lie pseudogroup PG of
order ¢ acting on arbitrary manifold P of dimension m + n and not
only for bundles of geometric structures. Let us consider the spaces J* P
and J*° P consisting respectively of jets of order k and infinite jets of
submanifolds of dimension n in the manifold P. For k > s, there is the
natural projection 7(k, s) : J*P — J*P. The space J>° P has an ordinary
weak topology of projective limit. The action of the pseudogroup PG
may be naturally extended to all manifolds J*P and to the space J>P.
Then, we have:

(1) P has an open everywhere dense invariant set R consisting of
regular points.

(2) For each natural number k, there is an open everywhere dense
invariant set R* in J* consisting of regular points.
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(3) There is some natural number K = K(n,m,q), depending only
of n, m and ¢ such that for each k > K we have 7~ (k, K)[RX] C R¥,
i.e. each preimage of each point from R¥ is regular. Let us define R® =
771 (00, s)[RK].

(4) If the number of functionally independent differential invariants
at point z € R is not finite, there is a finite set (depending of z) of
differential invariants F1, ..., Fs and n invariant differentiations D+, ..., D,,
such that acting repeatedly by D; on F; one gets complete set of differential
invariants for each point close to point z (Tresse’s Theorem). In a sense,
for each point z € R* functions Fi, ..., F and invariant differentiations
Dy, ..., D, may be explicitly found (using differentiations, algebraic
operations and solution of systems of algebraic equations via implicit
function theorem). The number P, (k) of functionally independent differential
invariants at point z having differential degree k is a polynomial in & (for
sufficiently large k). We call this polynomial the Hilbert’s polynomial of
the point z.

(5) The domain R is a disjoint union of finite number of open sets
(atoms), every point of each atom having the same Hilbert polynomial. In
principle one can explicitly derive conditions defining each atom from Lie
pseudogroup PG equations. In principle for each atom the corresponding
Hilbert polynomial can be computed explicitly. Hilbert polynomials for
all atoms are contained in the wuniversal list of Hilbert polynomials. In
principle one can explicitly find this list, which depends only on m, n and
q, and does not depend on given pseudogroup PG. (Explicitly means that
one uses only finite number of differentiations and algebraic operations.)

All results are true both in smooth and real analytic cases. In real
analytic case domain R is a single atom and it’s complement in J*° is
contained in a hypersurface.

Many authors considered differential invariants and Tresse’s theorem.
We mention both classical works of Lie,Cartan and Tresse, and modern
works of Ovsiannikov, Kumpera, Olver, Bryant, Kruglikov, Lychagin,
Yumaguzhin, Morozov among others.

References

[1] R.Sarkisyan, On differential invariants of geometric structures,
Izvestiya: Mathematics 70:2, 2006, 307-362.

[2] R.Sarkisyan, On differential invariants of geometric structures II,
submitted for publication.

[3] R.Sarkisyan, I.Shandra, Regularity and TresseTs theorem for
geometric structures, Izvestiya: Mathematics 72:2, 2008, 345-382.



20

[4] R.Sarkisyan, Rationality of Poincare series in local problems of
Analisys according to Arnold, Izvestiya: Mathematics 74:2, 2010.

Rafael A. Sarkisyan,

Moscow State University / Financial Academy under the Government of
the Russian Federation, Moscow, Russia,

e-mail: rafael.sarkisyan@mail.ru



21

Classes q,-,u,-compact and equationally
Noetherian commutative semigroups are pairwise distinct

Artem N. Shevlyakov

The definitions of q,,-,u,,-compact and equationally Noetherian algebraic
system play a key role in the universal algebraic geometry. M. Kotov
constructed peculiar algebraic systems which distinguish all these classes.
In other words, there is a u,-compact algebraic systems which is not
equationally Noetherian and there is a q,,-compact but not a u,,-compact
algebraic system.

Nevertheless, the following problem holds: try to distinguish these
classes for a classical algebraic systems (groups, semigroups, boolean
algebras etc).

In our work we constructed two commutative idempotent semigroups.
The first one is u,,-compact, but not equationally Noetherian. The second
semigroup is q,-compact but not u,-compact.

Artem N. Shevlyakov,
Omsk Branch Institute of Mathematics SB RAS, Omsk, Russia,
e-mail: a_shevl@mail.ru
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Syntactic generic constructions
and ehrenfeucht theories

Sergey V. Sudoplatov

General principles of generic constructions, allowing to realize desirable
structural properties step-by-step, will be discussed. These principles
are based on aprioristic knowledge that is represented by a syntactic
information (a system of types). A realizing semantic object (a structure)
collects the syntactic system. The syntactic generic constructions have
been illustrated by author’s examples in the book [S.V.Sudoplatov,
The Lachlan Problem. — Novosibirsk: NSTU, 2009 (to appear), available
in: http://math.nsc.ru/~sudoplatov/lachlan_eng.pdf]. These examples
present realizations of possible basic characteristics (Rudin — Keisler
preorders and distribution functions for numbers of limit models) for
the class of Ehrenfeucht theories and, more generally, for the class of
small theories.

The work is supported by RFBR grant No. 09-01-00336-a, and by the
Council for Grants (under RF President) and State Aid of Fundamental
Science Schools via project NSh-344.2008.1.

Sergey V. Sudoplatov,
Institute of Mathematics SB RAS, Novosibirsk, Russia,
e-mail: sudoplat@math.nsc.ru
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The fully residually F' quotients of F[z,y]

Touikan Nicholas

We describe the fully residually free groups that arise from systems
of equations over a free group F' in two variables. As an application we
can derive a description of the solutions of such systems of equations.

Touikan Nicholas,
McGill University, Montreal, Canada,
e-mail: touikan@math.mcgill.ca
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Whitehead minimization, and computation
of algebraic closures in polynomial time

Enric Ventura, Abodé Roig, Pascal Weil

The Whitehead minimization problem consists in finding a minimum
size element in the automorphic orbit of a word (resp. a cyclic word or
a finitely generated subgroup) in a finite rank free group F,. We give
the first fully polynomial algorithm to solve this problem, that is, an
algorithm that is polynomial both in the length of the input word and
in the rank of the ambient free group, n. Earlier (classical) algorithms
had an exponential dependency on the ambient rank.

As an application, it follows that the primitivity problem (to decide
whether a given word is an element of some basis of F;,) and the free
factor problem (to decide, given two subgroups, whether one is a free
factor of the other) can also be solved in polynomial time.

Another interesting application is the following: given an extension
of subgroups of F,,, H < K < F,,, one can compute the algebraic closure
(i.e. the smallest free factor of K containing H) in polynomial time with
respect to the total length of the given generators for H and K (this was
known to be computable, but the existing algorithm was exponential).

Enric Ventura,
Universitat Politecnica de Catalunya, Manresa, Spain,
e-mail: enric.venturaQupc.edu
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Maremarndeckoe MOIEIUPOBAHNE PACIIPOCTPAHEHUS U
KOHTPOJIS Ty6epKyﬂeBa|I|

Koreranmun KoncranTunosnd ABrjioB

Tybepkysie3 — O7HO W3 CaMbIX ONACHBIX MHQEKIMOHHBIX 3a00JieBa-
uuii. TyOepkyse3 mopakaer MpPenMyIeCcTBEHHO SKOHOMHUYECKU AKTHB-
HbIE CJIOM HACEJIEHUs, W IIO9TOMY OH SBJISI€TCH COIMAJIBHO 3HAYUMBIM
3aboseBanueM, a 60ppOa ¢ KOTOpPbIM BKJoUeHa B e pa3BuTus ThICs-
genernss OOH (UN Millennium Development Goals).

Pacnpocrpanenue TybepKkyie3a MpOUCXOAUT TPENMYIIIECTBEHHO adPo-
reHHbIM myTem. i Tybepkyse3a xapakTepHa OYeHb JINTE/bHAasi CTa-
nusa narentol nadexuun. [opaaka 90% nrdunnpoBaHABIX HUKOIIA HE
3a6071€BaIOT TYOEPKY/I€30M U OCTAIOTCS HOCHUTE/SIMH JATEHTHONR HHpEK-
nuu 10 KOHIA ku3Hu. Hambosiee pacmpocTpaHeHHAs U HANOOJIee SIuIe-
MuYecku onacHas dpopMma TyOepKysae3a — TyOepKy/ie3 OPraHOB JbIXaHUS
(TOd). CmeprrocTs 1pu HeneuernHom TO/ cocrasiser nopsaaka 50%.

Maremaruyeckre MOZETH TPOIECCa PACIPOCTPAHEHWS M KOHTPOJIIS
TyOepKysie3a UCIOIb3YIOTCS i AaHAIN3a CTATUCTUIECKUX JTAHHBIX U JIJ1s
TMPOTHO3UPOBAHUST PA3BUTHUS SMUIEMHUOJIOTHIECCKON CUTYaIlid — B TOM
qucye, U C YIeTOM W3MEHSIONINXCs BO3/IeicTBuil uian ycmoswit. Ilocen-
HEe TIO3BOJISET PEIaTh 3349y ONTHUMU3AINN CXEMbI IPOTUBOTYOYPKY-
JIE3HBIX MEPONPUATUI HA TOMYJISIITUOHHOM YDOBHE.

K nacrosmemy Bpemenu omy6nKOBaHO HECKOIBKO JECATKOB MATEMa-
TUYECKUX MOjeJiell, CBA3aHHBIX C duujgemuosiorueil Tybepkysesa. Bosb-
MAHCTBO W3 HUX OIMUCHIBAET MPOIECC €r0 PACIPOCTPAHEHUS B IIEJIOM,
Jpyrue Ke MOJEIN OMHUCHIBAIOT TOJIBKO OT/E/IbHBIE ‘JTOKAIbHBIE’ MpPO-
1eCChI — BBISBJIEHHE OOMBHBIX, pa3BuTHe O0Me3HN 1 T.11. B Momensax, Kak
MPaBUJIO, YYUTHIBAIOTCS OCHOBHBIE OCOOEHHOCTH TybOepKysie3a: Kpaiine
JJIMTENbHAS JIATEHTHAA CTa/Us, 3aABUCUMOCTD YIEJIbHOIO PUCKA Pa3BU-
THs OOJIE3HN OT JABHOCTH WH(MDUIIMPOBAHUS, CYIIECTBOBAHNE WHDEKI-
OHHBIX U MAJIOMHMEKITNOHHBIX (POpM TyOepKyse3a u T.im. OOBIIHO MOIe-
JIW CTPOSITCS [IJ1s1 M3Y9I€HUs BJIUSHUS KAKOrO-TU00 OJHOTO (DAKTOpa UiIn
rpynnbl (PaKTOPOB — BIUSHUS JIEYEHUS U €r0 TAPAMETPOB, PA3BUTHUSI Jie-
KapCTBEHHO# yCTONYNBOCTH, B3aUMOJEHCTBUSA C APYTUMH HH(PEKITAIMEI
(mpex e Beero, ¢ BUY), Bnusiaus gemMorpadudeckux mapaMeTpos U T.i.,
HO CYIIECTBYIOT U MOJEJIH, IEJIAIOIINE TOMBITKY OMUCATH OJHOBPEMEHHO
BCE OCHOBHBIE TMPOIECCHI, BIUSIONINE HA PACIPOCTPAHEHNE U KOHTPOJb
TybepKyIesa.

lPabora noayepskana rpanrtom POOU 07-01-00577-a u rpamrom llpesuamyma
PAH “@ynaameHTajbHble HAYKH — MEIUIITHE".
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OcHoBHOI TPOBIEMOiT MATEMATHIECKOTO MOJETUPOBAHIS PACIIPOCTPA-
HeHus TyOepKyie3a OCTAeTCs OTCYTCTBHE “KOJUIECTBEHHON MOIEIN TY-
6epKyJie3ubix poueccos (uudunuposanus, GOPMUPOBAHU JATEHTHOI
uH(bEKIUN, PA3BUTHUS U XOJa AKTUBHOIN OOJIE3HU) B PAMKAX OJIHOTO Opra-
mm3Ma. Kak cieacTsue, OOIBITUHCTBO ABTOPOB MATEMATHIECKUX MOJIE-
Jieil onupaeTcst Ha TPeTOIOKeHNsT WIH Ha, JINTEPATYPHbIE TaHHbIE IPU
BBIOOpE 3HAYEHMI mapaMeTpoB cBoux mojesnei. K Haunbosee mmoxo onu-
CAHHBIM IIPOIECCAM OTHOCATCS Iepelada TyOepKyie3noi uadekiuu u
pa3BUTHE AKTUBHOM OOJIE3HIU.

Curyarus JONOJHATEIHHO OCJIOXKHSETCS TEM, UTO BCE CBSI3aHHBIE C
HUM OPOLECCHl UMEIOT OYeHb BOJIBINYIO JAJIUTENbHOCTD (K IIPUMEDY, CPell-
Hesl JIUTENBHOCTb 60J1e3HM — HECKOIbKO JieT). Kpome Toro, aymrenbhast
JIATEHTHAS CTaJUs ¥ HU3Kas J0Jis 3aD0/I€BAIOIIUX CPeid nHPUIUPOBAH-
HBIX BMECTE C MOKU3HEHHBIM XapaKTepOM WHMEKINU CUIBHO 3aTPYI-
HAIOT HAOJIIOEHUE TPOIeCcca NH(MUIMPOBAHUS U CyNePUHMUITNPOBAHNSA.
B pesyaprare cOOp JAHHBIX, OMMCHIBAIOIIUX MPOIECC PACTPOCTPAHEHUS
TyOepKy/e3a B IeJIOM CTAHOBUTCS KPaiiHe CJIOKHBIM U JIOPOTOCTOSIINM.
OHuM U3 cr1ocOOOB MPEOJOJIEHNS ITOM MPOBIEMbI MOXKET CTATH JAeTajlb-
HBIIl aHAJIU3 CUCTEMATUYECKU COOMPAEMBIX IOIEPEYHbIX JAHHBIX U IIPO-
BeJIeHUE JOMOTHUTEILHBIX BHIOOPOYHBIX UCCJIEIOBAHUIA.

Koncrantun KorcranTurnosud ABUJIOB,
Wucruryt Beraucanreasuoi maremaruku PAH, Mocksa, Poccus,
e-mail: avilov@inm.ras.ru
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CT-HUIBNOTEHTHBIE TPYIIITHI

Muxani 'eopruesna Amaraobenn

Bosbmiyio posib B Teopuu rpynn sBiasiercs mousTue CT-rpymnns.
Kunace CT-rpynn onpejiensiercs Ciaegyiomiell yHUBEPCATbHON aKCuo-
MOIi:

CT :Vx#1,y,z [y,x] =1A[z,y] =1+ [y,2] = 1.

K coxkanennto, 370 nioHsTHE He pabOTaeT B KIACCE HUIBIOTEHTHBIX
IPyII, TaK KakK IEHTPAIM3aTop JIO0r0 HESIUHUIHOTO IEHTPATHLHOIO
3JIeMEHTA B JII000# HeabeeBoil Hu/IbIOTEHTHON IPYIIINE He ABJsieTcs abe-
JteBbiM. VMest BBUy TPUJIOYKEHNE K HIJIHIIOTEHTHBIM IPYTITaM BBOIUTCS
HOBOE TIOHSATHE:

Omnpenenenne. I'pynna G nazweaemea CTy-zpynnotl, ecau das
2100020 HEUEHMPANLHO20 daemenma T, yenmpasusamop C(x) asasemes
abenenesoti nodepynnot 6 G. Mo 6bICKA3BLEAHUE MONHCHO 3ANUCAMD 6
sude yHUBEPCAAbHOT HOPMYAbL:

CTy :Vx,y,z,t {{x,t] 1A [z, y] = 1A [x,2] =1+ [y,2] = 1}.

B mokmame 6ymyT mpencTaBieHbI OCHOBHBIE CBOiicTBa Kiacca CT7i-
HUJIBIIOTEHTHBIX I'PYIIIL, & TAKXKE [PUJIOKEHUs TUX Pe3yJIbTATOB K IIPO-
OJieMe OlKMCAHUS HELPUBOAMMbBIX KOOPAMHATHBIX IPYIIIL JJisl JABYCTYIIEHHO
HUJIBTIOTEHTHBIX Q-rpymm.

Muxaunn I'eopruesny Amarnobesu,
Tounucckuit rocynapcTBeHubIii yuusepcurer, Towmicu, ['py3us



28

EO—BI)I‘II/ICJII/IMOCTI) n onpeaeTuMOCTD Ha/l aﬂF€6paI/I‘IeCKI/IMH
CHUCTEeMaMH

Urops Bukroposuu Amaes

PaccmarprBaercs BHIYUCAMMOCTD HAJ aareOpanvdecKuMu CUCTEMAMHI
¢ MOMOINBIO MAIIUH B CIHCOYHON HaJcTpoiike [1]. 9To 060bImeHne mO-
HSATHS BBIYUCIMMOCTH B BEIIECTBEHHBIX 4nciax u3 paborsl [2]. Cyrme-
CTBYIOT TaKKe HEMAIIWHHBIE [MOXO/bI K ONPEIEIEHUIO BbIYUCTUMOCTH
B IIPOU3BOJIbHBIX AJNe0pPAndecKuX CHCTEMAaX, B YaCTHOCTH, TAKOBBIM $B-
asieTcst L-BeIuCAUMOCTb U3 [3]. Ilean paboTsl — MOKA3aTh, UTO KJIACC
GYHKIMIA, BEIYUCIUMBIX TOCPEICTBOM MAIlUH B CIIUCOYHON HAJICTPOMKE,
MOZKeT OBbITh 3aJIlaH AHAJOTUYHO Y -BBIYUCIMMOCTH KaK KJacc (PYHKITHA,
OTIPEJIETMMBIX B CHCTeMe (DOPMYJIAMU CIEIUATIBHOTO BUJIA.

Mycrs A = (A;0) — anrebpanveckas CUCTEMA C OCHOBHBIM MHOXKE-
crBoM A u curaarypoit . X0-popMysioil CHrHATYPbI 0 HA30BEM (POPMYJLY,
TMOCTPOEHHYIO U3 OECKBAHTOPHBIX (POPMYJT JIOTUKH MPEIUKATOB TEPBOTO
NOpAJIKa C MOMOIIbIO KOH'bIOHKITUHN, IN3bIOHKIINN, & TaKXKe JU3bIOHKIINA
GECKOHEYHBIX MHOXKECTB y3Ke TMOCTPOEHHBIX (POPMYJI, UMEMIUX PEeKyp-
CHBHO TIEPEYUCIUMOE MHOKECTBO HOMEPOB.

Y0-bopmyy Ha30BEM (DyHKIHOHAIBHOM, €CITH 9TO AU3BIOHKIUA (BO3-
MOYKHO, GECKOHEUHAsI ), B KOTOPOH KayKII0€ CIaraeMoe MMeeT BU/L

1(E)N . AeR(T) ANy =tT), T=x1,...,%n,

re @; — OECKBAHTOPHBIE (DOPMYJIBI, t — TE€PM CUTHATYPHI 0, TPUIEM Pa3-
HBbIE CJaraeMble JU3BIOHKINN COJ/IepKaT KOHTPAPHYIO Mapy ¢; U ;.

Teopema 1. Qyuxyus f : A" — A svuucauma 6 cucmeme A <
f onpedeauma 6 A pynryuonarvroti X°-gopmyaot.

HNcnonb3ys 2°-hopMysibl, MOKHO PA3BATH HOHATHE Y.0-0IPeaeTHMOCTH
anrebpanyeckux cucreM, aHasoruunyio pabore [3]. Takas onpenenumocts
Oyzer COXpaHATb KJAACChL (DYHKIUHN, BBIYUCIUMbIX € HOMOIIBIO MAIIWH B
cMBIcIe paborsl [1].

Teopema 2. [Tycmb anzebpauveckan cucmema A X0-onpedeauma 6
cucmeme B. Tozda cywecmeyem mpancasyus p maxas, 4mo das a10601
dynryuu f : A" — A, swnucaumot 6 A, dynryua p(f) swuuciuma 6
cucmeme B.
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O cucremax ypaBHeHI/Iﬁ C TapMOHHUYE€CKHMHU MHOr'OYJIeHaMN1

Bukrop Marseesud ['uuen

O6o3naunM 4epe3 H)!, MHOMKECTBO BCEX BEIIECTBEHHBLIX MapMOHHYE-
ckux (T.e. ymosyerBopsionmx ypasuenuio Jlamnaca Au = 0) ogHOpOI-
HBIX HOIMHOMOB crernenu n na R™T1. D10 unBapuanTHOe HEMIpUBOIIMOE
upocrpanctso rpyuibst SO(m + 1), kaxnas byukuus v € H)Y, oxHo-
3HAYHO OIPEIEIACTCH CBOMMYU 3HAYCHUAME HA eJIuHu4HOl cdepe S™!
B R™, a cykenmne u’ gm—1 FABISETCs COOCTBEHHOM (byHKIMEl oneparo-
pa Jlamraca—Benbrpamu, oTBedaroIieii COOCTBEHHOMY 3HAYEHUIO A\, =
n(n+m —2). B pa6ore [3] 66110 10Ka3aHo, 910 1B cobGCTBEHHBIE BYHK-
nuu oneparopa Jlamnaca—bBesbrpamu, COOTBETCTBYIOIIHE OJHOMY U TOMY
Ke cOOCTBEHHOMY dmCily A # 0, HA KOMIIAKTHOM MHOIOOOPA3U# ¢ TPUBH-
AJILHBIMHU TIEPBBIMU KOTOMOJIOTHsAME Jie Pama mmeror obmmii Hyas. Bos-
HUKAET BOIMPOC: HACKOJBKO MACCUBHBIM MOYKET ObITH MHOMKECTBO OOIIHUX
HyJIell HeCKOJIbKUX cobcTBeHHBIX (hyHKImit? Chopmynupyem d4yTh Hosee
o0IIMit BOMPOC, OTHOCAIIMICA K cdepamM: HACKOIBKO OONBIIAM MOXKET
OBITH MHOZKECTBO elleHnii cucreMsl ypasrenuit uj(z) =0, j =1,...,k,
e uj € Hni ? EcTecTBeHHBIM H3MepHUTe/leM MACCUBHOCTH SBJISIETCS Me-
pa Xaycaopda pasmepnoctu m — k, mpu m = k COBIAIAIONAs C KOJIH-
9eCTBOM TOYEK B MHOXKecTBe. B pabore [5] mosydeHbl OleHKH CBEpXY H
CHU3Y W HaJEeHbI CpeIHue 3HaYeHus Mep Xaycaopda MHOXKECTB pelre-
auit ana cep. Hampumep, mpu m = 2, ny = ng = n, TOYHAA OIEHKA
CBEPXY JIJIsi KOJIMYECTBA TOYEK B MHOXKECTBE ODIIUX HyJIeil ABYX HOJUHO-
MOB TIPH YCJIOBUH €r0 KOHEYHOCTH pPaBHa 212, TOKA3aHHOMN ONEHKY CHU3Y
Her (HO ecTh dMUpPUYECKas ONEHKA 2n), a CpelHee KOJIUIeCTBO OOIIUX
uyseit pasuo n(n + 1). Peaynbrar o cpeHux 3HAYEHUAX MOATBEPKIAET
npezanonoxenue JI. [losrepoBuda 0 TOM, 9T0 OHU TOAYUHSIIOTCS HEKOTO-
poit “reopeme Besy B cpeanem”. Kpome Toro, cpegame MOXKHO BBIIHC-
JIUTH B CJIydae, KOTIA B TPABBIX YACTAX HE HYJIH, & TPOU3BOJILHBIE Be-
[IECTBEHHbIE YKCIa (IIPU 9TOM HaI0 HOPMUPOBATH (DYHKIUK), s Gojiee
ITUPOKOTO, UeM CGepbhl, KIACCa U30TPOITHO HEMPUBOJAUMBIX OJHOPOIHBIX
TMPOCTPAHCTB, & TAKXKe 51 HAOOPOB KOHEYHBIX CYyMM TPOCTPAHCTB H),.

Crour ormerurb, 9ro st k = 1 umeercs rumoresa y, coriacHo
KOoTOpO# Mepa Xaycmopda MHOXKECTBA OBIINUX HYJIeil OIEHUBAETCS CHU3Y
u ceepxy kak C'vV/\, rae C'— KOHCTAHTA, 3aBWCSAIIAS JIWITH OT TEOMeT-
pun MHOroo6pasus, A — cobcreennoe uncyo. Oua nokasana B crarse [1]
JIJTST BEIECTBEHHO-aHATTUTHIECKUX MHOr000pasuit; 1s cdep MOKHO 1o-
JIyYUTh TOYHbIE OLIEHKU CBEpXy (HO He CHu3Y).

B pabore [4] 661110 BBe1eHO CBORCTBO pa3/ie/ieHust, B HEKOTOPOM CMbIC-
JIe U3MEPSIOIIee MACCHBHOCTH TOAMHOYKECTB JIMHEHHOTO MPOCTPAHCTRA!
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X obmamaer um, ectm X N H nuneitno nopoxaaer H miis mr060it rumep-
wockocru H. 113 onuoro yrsepzkaenus paborsl [5] ciemyer Boinosnenue
9TOr0 CBOMCTBA Ui OPOUT BEHIECTBEHHBIX HEIPUBOIUMBIX [IPECTABIIE-
HUIl CBA3HBIX KOMIAKTHBIX Py (B crarThe [4] paccmarpusasics ciyvaii
anrebanvecky 3aMKHYTOrO MOJIs U ajrebpandeckoii rpymibl). [Ijisa kom-
MJIEKCHBIX HEITPUBOIUMBIX TPEICTABICHUIN CBA3HBIX KOMIIAKTHBIX IPYIIIT
MOXKHO JOKa3aTh caemyioiee: jobas opbuTa mepecekaer JTI00yI0 Hale-

pell 33JaHHyI0 I'MIEePILIOCKOCTb, DTO JaeT OTBET Ha BOLPOC, 3a/aHHbIN
B [2].
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Onuncanue MOJHBIX TeOpI/Iﬁ MHHUMAKCHBIX CHCTEM,

IOpwuii Cepreesua JIBopzxernkuit

MHuorue pe3yabTaThl B BBIMTYKJIOM MPOIPDAMMUPOBAHUN, B Pa3/esIax
MaTeMaTUIeCKOrO aHAJIN3a, CBI3AHHBIX C TEOPEMAMM O JEJIUMOCTH, OC-
HOBaHBI HA CBOMCTBAX ABYX (DYHKIMII — MHHAMYMa U MAaKCHMyMa.

B macrositiiem 10KIa/1€ MBI IPEIjIaraeM JIBa MOAX0Aa Ijisd (POPMATIH-
3aInn JTOKA3aTeIbCTB COOTBETCTBYIOIINX PE3YIHTATOB HA SI3bIKE TEOPUH
Mojiesiei.

JI1st IpoBeIeHNS TOKA3aTEILCTB HaM HEOOXOANMO 331aTh HAOOp aK-
cuoM A, KOTOPBIM YAOBJIETBOPAIOT (DYHKIMU MUHAMYMa, INaxX WId MaK-
cuMmyMa min. MbI paccMarpuBaeM HMIHPOKUH KJIACC AIreOpamvIecKux CH-
cTeM, Ha KOTOPBIX HHTEpIpeTupyercsa PYyHKIUA MaxX WK Min U CIpaBe/-
JINBBI AKCUOMBI 13 MHOXKECTBA A. B KauecTBe OCHOBHOTO sI3BIKA, MBI PAC-
CMaTpUBaeM SA3bIK [ = (max), COCTOAIINI W3 OTHOM OMHAPHOI oreparnn
(He uMeeT NPUHIMIIUAIBHOIO 3HAYEHUST, MUHUMYMOM WJIM MaKCUMYMOM
UHTEPIPETUPYETCS CUMBOJI INaX).

Haureit 3a1ateit sBasieTcst OMUCAHKE TIOHBIX TEOPUi A3bIKa, L, BKJIIO-
YaIOIINX B ce0sT BCE TIPEIJIOYKEHU W3 Habopa akcuom A.

B kaugectBe akcrmoM A MBI pacCMaTpPUBAEM JBa HAOOPA, MPUBEIEHHBIX
HUXKE.

Cucrema akcuom Al:

Va,y max(z,y) = max(y,z),
Vz,y max(z,y)=2zVmax(z,y) =y,
Vx,y,z max(z, max(y,z)) = max(max(x,y), z).

Cucrema akcuom A2:
Va,y max(z,y) = max(y, ),

Vz,y max(z,y)=2zVmax(z,y)=y.

Pesynbraram, moJiyYeHHBIM [IPU OMUCAHUHT MOJHBIX TEOPUil a3bIKa, L,
conepxkamuM B cebe Al umu A2, Gymer nOCBAIIEH NOKJIAI,.

FOpuii Cepreesuyu JIBopzkenkuit,
Owmckuit rocymapersensbiii yausepcurer, Omck, Poccust,
e-mail: dvorzhetskij@mail.ru
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Anukandaeckue cxeMbl 6a3 JTaHHBIX

Cepreit Bragumuposud 36IKHH

CBoiiCTBO anuKIMIHOCTH CXeM 6a3 JJAHHBIX JJOCTATOYHO HOJTHO UCCIIE-
JoBaHO B paborax [1,2]. DTo CBOHCTBO MCMOIB3YETCST TIPH JIOTHUECKOH
ONTMMH3AINK 3aMpPOCOB K Oaze mawubix [2,3]. B pabore [4] cpoiicTtBo
AIMKJIMIHOCTH CXEMBI MCIIOJNB3yeTCs sl aBTOMaTH3anun (hOPMUPOBa-
HUSI MHOTOMEDPHBIX MPEJICTABICHUI TaHHBIX. B manHoil pabore mpesta-
raeTcsa K pacCMOTPEHuIo 0000IeHne Ha Caydail, KOT/Ia OTHOIIEHNST OA3bI
JIAHHBIX MOT'YyT MMETh HECKOJILKO IEPBUYHBIX KJIFOYEil.

IIycts 3a/1aHa COBOKYTTHOCTD BCEX OTHOMIEeHM# pensamuonnoit BI: R =
{R1,R2,...,Ry} -— pe3ynbIar NEKOMIO3UNIUN IPH HOPMAJIU3AIUK OT-
HOIIIEHNH, A7 KOTOPO# OTCYyTCIBYIOT ¢ U j Takme, 410 [R;] C [R;]
upu i # j, tae [R;] -— coBokynHocTb arpubyToB (CXeMa OTHOIIEHHUS).
U={A,As,...,A,} — MHOXKECTBO Bcex arpuOyTOB, Ha KOTOPBIX 3a-
JIAHBI OTHOIIEHNsT U3 COBOKYTHOCTH R.

Onpegenenne 1. Ilycts R;[Aq,..., Ay 1 Ri[By,...,By| — cxe-
MBI OTHOIIeHHU (He obsizarenbHO pasawdsbie), V. C {Ai,...,An} u
W C {Bi,...,Bp}, |V| =|W]|, torna obvexr R;[V] C R;[W] na3niBa-
€TCsl 3aBUCUMOCTBIO BKJIFOUEHUS.

B onpenenennu |V| — momuocTs MHOMKecTBa V, BeIpakenue R, [V] C
-— moxpasyMesaer, ITo koprexu R;[V] comepxkarcs B R;[V]. daiee Oy-
JeM Tpeanoararb, 9rto ycjaosue V. = W gBisiercs HEOOXOAUMBIM IS
YCTAHOBJIEHHs CBA3U. TaKO# BHJ 3aBUCHMOCTE BKIIOUEHHs] HA3BIBACTCS
TUNU3APOBAHHBIMHE [5,6].

Bseném oboznadenusi: PK(R;) unu npocro PK (i) — MHOKECTBO a1-
pubyTOB, ABIAIOMAXCS TIEPBUYHBIM KJIIOUOM B OTHOMeRnU ;. B oTHOMIE-
HUM R; MOXKET CyIIeCTBOBATH HECKOIBKO AJLTEPHATHBHBIX TEPBATHBIX
kmtouei; Lq(4,j) -— cBa3b 1:1 or R; x R, rme R; riaBHOe OTHOIIEHNE;
Ly (i,j) — cBa3p 1:M or R; k Rj, rae R; rmasuoe orHomenue; L(3, j)
—- ¢Basp 1:1 ymbo 1:M or R; K R;, rne R; — riaBHOe OTHOIIEHHE.

Onpepenenne 2. Mexy orHomennamu [2; u R CymecTByeT CBA3b
L1(i,j), ecru PK(R;) = PK(R;) u nns mobbIx peanusanuit R; u R,
semmosaeno R;[X] C R;[X], rne X = R; N R;.

Omnpeznenenne 3. Mexny orromennamn [; n R; CymecTByeT CBA3b
Ly (i,7), ecnu PK(R;) # PK(R;) u PK(R;) C R;.

Omnpenenenne 4. CoBOKyMHOCTHL OTHOMEHU R OyaemM Ha3bIBATH
AIUKJIMYECKOMN, €CJIU He CYIIECTBYET yIOPAI0YEHHOE MOAMHOKECTBO OT-
HOITIeHU I

{Rn1), Bin(2)s - Bons)
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L(m(1),m(2)), L(m(2),m(3)), ..., L(m(s — 1), m(s)), L(m(s), m(1)),

s > 1, B IPOTUBHOM CJly4ae COBOKYIIHOCTb OTHOLIeHui#l R OyjeM Ha3bl-
BaTh IUKJINYIECKOI.

Teopema 1. Ecim coBokymHOCTE R ITUKJIMYECKas, TO aCCOMMAPOBAH-
HbIil ¢ Heli runeprpad Takxke Gyger nuKIMIeckuM (06pATHOE HE BEPHO).

Ounpenesnenne 5. Cpasb L(i,j) sBisercs u3bbITOYHOl, eciau 3a1a-
BAaEMbI€ €10 OIPAHUYEHUs] HA 3HAYEHUsT aTPUOYTOB CONEPKATCS B IPYTHUX
CBA3SAX.

Teopema 2. Cea3b L(i, j) aBisercs u30bITOUHOIN, €CJIU CYIIECTBYIOT
CBSA3U:

L(i7 m(l))’ L<m(1)7m(2)>7 s ,L(m(p - 1),m(p)),L(m(p),j)

u

PK(i) C Rpys),8=2,3,...,p,
rJe m -— MaCCUB HOMEPOB OTHOIIEHUIA.
JIurepartypa
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Cepreit Bragumuposud 3bIKWH,
Owckuit unuan Uucruryra maremaruku CO PAH, Omck, Poccus,
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BepxHue omeHKHU cpeTHETO BpeMeHH BBIPOXKIEHUS
OMYJIAITUN
C IIOCTOSIHHO# 1OTeHIMaJIbHON €MKOCTBIO CPeJibl

Cepreit Anekcanaposmd Kiiokon

IIycts K > 0 — norennmanabHas EMKOCTh OMOJIOTUYECKOH CUCTEMBI C
HEIEPEKPBIBAIONMMHUCS TOKOJEHUSIMU U UHUBUYYMAMU OJHOTO THUIIA.
st OTIeBHOTO WHAWBUIAYYMA PACIpEIeIeHre MOTOMCTBA 3ABUCHT OT
TEKYIIEro pazmMepa HOMyJsnun ciaeayommuM obpasom. Ecin B Texkyiem
TTOKOJIEHUY UMEETCS k WHIWBUIYYMOB, TO KAXK/bIA U3 HUX TPOU3BOIUT
cJIydaiiHoe YMCII0 MOTOMKOB, uMeroliee pacnpeenenne [lyaccona ¢ na-
paMerpom % HE3aBUCUMO OT OCTAJIbHBIX. Eciu pazmep nomysisiinuu

menblie (Gosbiie) K, 10 B cpenneMm upoussoaurcs Gosiblie (MeHbLe)
OJIHOTO TIOTOMKA, MO3TOMY JWHAMHUKA MOMYJISIIIIH ONMNCHIBAETCS HATKPH-
THYECKHUM / JOKPUTHYECKAM BETBSANMMCS TIpoIeccoM. B Havasie pasmep
TOMYJISAAN BEChbMa, OBICTPO MPUOINKAETCA K YPOBHIO K U 3areM, mocye
BECHMA TIPOIOIPKUTEIHFHBIX OCIIUJLISAIII OKOJIO 9TOTO YPOBH:A, BBIPOK Ta-
€TC.

IIycrs X,, — pa3mep nomynannn B n-M nokosjennn. Ilocienosarens-
HOCTB CJIIy9aiHbIX BeJandnH (X, ) ecTb omHOpOAHAS enb MapKoBa ¢ mpo-
crparcTBoM cocrogumil Zy. Cocrogrue (0 ABIAeTCA MOIVIOMIAIOIIAM U
infr~opro = e 2K > 0, Tax 4TO MTOGAs TOMYMANHSA BHIPOKIACTCS C Be-
pograOCTBIO 1. IlycTh 7 — ciydaiinoe BpeMs 10 BBIPOXKICHUS IIOIYJIs-
IINY, MMEBIIel B caMOM Havaje pa3Mep k. BepoaTHOCTL BBIPDOKIEHUS 32

eJIMHAITY BPEMEHN COCTaBjsfeT He MeHee e~ 2K u cpasmenme ¢ reomerpu-
JeCKHM pacrpeesieHneM ¢ apaMeTrpoM p = e~ 25 maér rpy6yio onenky
CPeIHero BpeMeHU BBhIPOXK ICHMUS:
1 2K
Erpg < ———— =e¢e*". (1)

infr>0pr,0

WNurepecto nomyderne 6oiee peatucTHIHbIX O1eHOK a1 K7y, Havmu mo-
Ka3aHO, YTO CIPaBeINBa BePXHssA OleHKa Buaa supy, Er, < Cef | e
moKazaresb cybakcnonenTs ¢ = 0.707.

Teopema. ITycmo K > 9 — nomeHyuarvHas Emrocms buosozuve-
ckoti cpedoi. Ecau pasmep nonyaayuu pasen k, mo xaorcdoli undusudyym
nPouU38ouUM NYACCOHOBCKOE YUCAO NOMOMEOS C napaMempomm u
nomom nozubaem. Iycmo [z] 06o3nauaem yeayo “wacms wucaax, o =
[0.4974- K] 8= [0.2899-a K]

K 7

aK ’

2 2
4208
14+ ap

2
g(a,ﬁ):1—a+alna+7a—aﬁ—aﬁln

1+a (1+a)ps @
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u m maxoe yenoe Yucno, Ymo 6vNoAHEHO HEPABEHCINBO
logy (1 + VK) +3 < m < logy(1+ VK) + 4. (3)

Tozda dasn epemeny BuLPONCOEHUAT), NONYAAUUY HAYAABHO20 Pa3mepa k
BHINOAHEHE CALIYNOUWAR OUEHKEA:

sup E7j, < 103(1 — @) (2 — (1 + a)B)av/BK (m 4 1)2.5m3ed(@AK (4)
keN

Pa6ora mommepxkana rparramu POOU 06-01-00127, 09-01-00105, u
rpaarom HIIT-3695.2008.1 donma upesumenta Poccuiickoii Pexepanuu.

Cepreit Anekcaniposuy Kitokos,
Owmckuit dumuan Uucruryra maremarunku CO PAH, Owmck, Poccus,
e-mail: s-klokov@yandex.ru
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CpaBHeHHe KJIaCCOB HETEPOBBHIX 110 YPABHEHUSIM,
c1200 HETEPOBBIX 1O YPaBHEHUSIM
U (,-KOMIAKTHBIX aJIre0panvecKux CUCTeM

Marseii Biiajiumuposuy Koros

B pa6orax 9. FO. Jaunusposoii, A. I'. Msacuukosa, B. H. Pemecien-
HUKOBA M0 YHUBEPCATBHON anreOpandecKoil T€eOMETPHH BBEJIEHBI KJIac-
CBI HETEPOBBIX MO YPABHEHUSIM, C1a00 HETEPOBBIX 10 yPABHEHUSAM H (-
KOMIIAKTHbBIX ajirebparueckux cucreMm, oboznavaemble N, N/ u Q coor-
BETCTBEHHO.

IMycrs £ — a3bIK 6e3 mpeIuKaTHBIX CUMBOJIOB; A — ajrebpandeckast
cucrema a3bika L ¢ HocuresneM A; x, |x| = n,— nabop nepemenubix. Ilosx
ypasrenHuAMy B si3bike L OT MEePEeMEHHBIX X Mbl MOHUMAaeM ATOMAaPHBIE
dopmyibl ga3bika L OT nepeMeHHbIX X. JII060e MHOXKECTBO ypaBHEHUN B
sa3blke L OT NEPEMEHHBIX X HA3bIBAETCS CUCTEMOU YPAGHEHUT B si3bIKE
L OT mepeMeHHbIX X.

HaGop a € A™ Ha3bIBaeTCs peweHuem CHCTEMbI ypaBHeHHUit S(X) A3bI-
Ka L, eClT IPU WHTEPITPETAIUU TEPEMEHHBIX X JIEMEHTAMU U3 a KaxK1asi
dopmysia u3 S TpUHEMAET UCTUHHOE 3HAYEHUE.

Cucrembr ypasuenuii S1(x) u Sa(x) s#3bika L HA3BIBAIOTCA IKE6UBA-
AEHMHBLMU HAT, ATTeGPANIECKON CHCTEMOI A, eCTi MHOYKECTBA, BCEX Pe-
menuii u3 A™ mjig cucrem S; u Sy coBnaaior. YpasHenue $(X) Ha3bIBa-
ercs caedemeuem cucrembr S(x) Hax A, eciiu KaxK10e PellieHrne CUCTEMbI
S u3z A" gBigercs peleHueM ypaBHEHUS S.

Anrebpandeckas cucrema A s3pika L Ha3bIBaeTcs HEMeEPOGol Mo
YPABHEHUAM, ECITH JIJIST JTFOOOTO TEJIOTO MOJOKUTETLHOTO YNCIA 1 U JIH0-
6oit cucrembl ypasraenuii S(x) si3bika L, |X| = n, HalinéTcs eé KoHeUHast
nojcucreMa Sy, 3KBUBaJIeHTHas cucreme S Haz A.

Anrebpandeckas cucrema A si3bika L HA3bIBAETCA CAab0 HEMEPOBOT
N0 YPasHeHUAM, €CIIU JJIsi JTFOOOTO IEI0r0 MOJOKUTENBHOTO YUCIA 1 |
Jt060# cucrembl ypaprenuii S(x) a3bika L, x| = n, Hallaérca KoHeIHAS
cucrema So(x) a3bika L, SKBUBaJIeHTHAsA cucreme S Haz A.

Anrebpandeckast cucrema A si3bika L HA3BIBACTCS (|, -KOMNAKMHOU,
ecim 71 MO0Or0 TEI0ro MOJTOKUTENBHOTO YUCTa 71, JTIOOOH CHCTEMBI
ypasHenuit S(x) a3bika L, |X| = n, n 106010 CregcTBus § CUCTEMbI S
Haz A Haliiércs KOHEeYHas IOACUCTEMa Sy CUCTEMbL S TaKasd, 4TO S eCTb
CleCTBHE CUCTEMBI Sy Hal A.

W3 onpenenennit ciemyer, 9TO

N=NnNQ.
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Msr crpouM mpuMepbl airedpandecKux CHCTEM, KOTOPBIE MTOKa3bIBa-
10T, 4TO

NN u N¢Q.

Marseit Braagnmuposud KoTtos,
Owmckuii rocymapcrBennsbiii yausepcurer, Omck, Poccus,
e-mail: ilab24@yandex.ru
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Vepennennas dyHKIuUs eHa 0OTHOCHTEIBHO 3aIaHHOM
BEPOSITHOCTH

Exarepuna ['eoprueBna Kykumna

Mycrs X = {x1,...,2,} — xoneunsiii andasur. O603HAUUM Yepe3

2(X) csoboamsrit Monoms na muozkectse XUX ~H rae X~ = {a7 !, .. 2t —

MHOKECTBO (POPMaJIbHO 0OPATHBIX HJIEMEHTOB. DjieMeHTbl MoHouIa 2 (X )
Gyzem Has3bBaTh caoBamu. O6o3uaumnm uepes |w| nuny ciaosa w. [Moka-
JKeM, KaK B COOTBETCTBHH C UIesIMH cTaThi [2] MOXKHO BBECTH HA MOHOW/IE
Y¥(X) BEpOATHOCTHYIO MEPY.

Ounpenenenne. Pynryuro v : (X ) — N 6ydem nazveams caootcno-
CMBI0, ECAU OHA UMEET, KOHEYHOE CAOEHUE, M.e. OAf% 6Cex k 6bnosHeHO
yeaosue card I'y, < oo, 2de I'y, = {w € T(X) |y(w) =k }.

ITycrs na MuOXKecTBe N IOCTPOEHA HEKOTOpast BepoaTHOCTE {py, = P{€ = k}}.

DT0 MO3BOJIAET ONPEIEIUTH BEPOATHOCTD Ha MoHOU e 3( X ) ciemyrommm
obpazoMm:

Pk
Vw el w)=P{=w}=m, = ——F—— 1
e plw) = Pl =w)=m = B (1)
re. P{{ € Ty} = pg, a Bce symeMeHTHI MHOXKeCTBa ', pABHOBEPOSTHBI.
ITycth G — mpon3BOIbHAS KOHETHO-ONPEIEIEHHAS TPYTITIA, TPEICTAB-
sennas kak (akrop-rpynna F(X)/R csoboauoii rpyumnst F'(X) Koneuno-
IO PaHra r ¢ MHO?KECTBOM CBOOOJIHBIX IOPOXKIAMOIMUX X 110 HOPMaJIbHOM

noxrpymme R = nel(ry, ..., ry). Obosnaunm vepe3 P(G = (a1, ...,z |r1, ...

COOTBETCTBYIOIIEE MPEICTaBIeHNE IPYIIBI G € OMOIIBIO TOPOXK JAIOIINX
9JIEMEHTOB W ONpPEETIAIONIX cooTHOIeHnit. JIioboe CI0BO w MOHOHIA
Y¥(X) onnosnauno onpegessier 3nement rpynnbl F(X), a ecrectBenHbit
romomopdusm ¢ : F(X) — G no3posiser roBOpuTh O 3HAYEHUU CJIOBA W
B rpyme G. B wacrnocru, 3amuce w =g v (W =p(x) V) HOHEMACTCH TaK,
4O 3HaueHus cjioB w u v B rpynne G (wiu B F(X)) coBmagaior.

3ameruM, 4TO PABEHCTBO W =¢ 1 SKBUBAJIEHTHO TOMY, YTO CyIIe-
CTBYET 3aITACh BUIA

W =F(x) 9192 ---9Gs; (2)
rae g; = ri s Hekoroporo f; € F(X), e; € £1,4; € {1,...,m},j €
{1,...,s}. Kax o6wrano, 3amuch g/ ozmaumaer compsixenne f~1gf.

Omnpegnenenne. [liowadvro S, caosa w =g 1 omHocumenvHo npeod-
cmasaenus P(G) nazveaemes naumenvuee 3nauenue s, it KOmMopozo
cyuwecmsyem 3anuctb 6uda

IInowadv crosa w =p(x) 1 norazaemea pasnot 0.

arm>)
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Onpenenum MHOXKECTBO ), = {w =q 1||w| < k} CJIOB U3 MOHOUJIA
(X)), 3nauenust KOTOpbIX B rpyie G paBHbl 1, a JIMHA HE IPEBOCXOAUT
GUKCHPOBAHHOIO 9HCIa K.

B crarse [1I] M. T'poMoOB BBOAMT ciiesyolee
Onpegnenenune. Yepeduénnot dymnxyuet Jdena epynnoe G ommuocumens-
no npedcmasaernus P(G) nasvsaemes Gynryus

ZwEQk Sw

o(k) = card Q,

(3)

Yepenuenne npu onpenesiennn byHkuun o(k) MPOMCXOIUT B COOT-
BETCTBUU C PABHOMEPHON BEPOSTHOCTHIO Ha MHOXKeCTBE ). CymecTByer
JpyTrast BO3MOKHOCTD ONpeeIeHus ycpeaaénnoi dpyukmum. Hanpumep,
¢ yuéroMm noaxoza u3 paborel [2] ycpennénnas dbynkuua Jena moxker
OBITH OLPEJIEJIEHA B COOTBETCTBUM CO CJIOKHOCTBIO 7Y M PACIPEIEJIeHIeM
{pr}-

B srom cayuae onpegennm muoxectso ) = {w =g 1|y(w) < k}
csioB u3 Mououzaa (X)), 3Hauenus KOTOpbIX B rpynme G paBHbl 1, a
CJTOZKHOCTD HE TMPEBOCXOAUT (PUKCHPOBAHHOIO 9HUCIA K.

Omnpenenenne. Omuocumenvhoti yepeduénnot ynxyuet Jena epyn-
no G, omseuarowet npedcmasaenuro P(G), caoorcnoemu y(w) u eepo-
amuocmu {py}, Ha306ém Pyrryuro

ZweQ;c p(w)Sy

() @

Crtpey (B) = C(k) =

KoppekTHOCTH MOC/IeJHEr0 OIpeeIeHust 00eCIeInBACTCS CJIe LY FOIIUM
CBOICTBOM pacupejesenus {pg }-

Ounpenesnenne. Pacnpedeserue {py } nazdosém ropowum, ecau py # 0
oas ecex k.

TonbKO /11 XOPOIIUX PACHPEAEIEHUH BEPOATHOCTD JIFOOOI0 HEILyCTO-
ro mogmHOXkecTBa X(X) He pasHa 0. D10 OnHO M3 TpeGOBaHMIl, HAKIIA-
JIbIBaeMbIX Ha pacrpe/eneHns B pabore [2].

Oxa3blBaeTCsl, 9TO MPU HEKOTOPBHIX (HE CIIMIIKOM KECTKUX) Orpa-
HuueHusX Ha pacnpenesnenue {py} u camy rpymnmny G, OTHOCHTE/bHAs
ycpennennas pynkius Jlena 3Toi rpyIibl OrpaHuYeHa CBEPXY KOHCTAaH-
Toit. Kpome Toro, orHocurenbuas ycpeanennas pyukius Jlena mis npo-
U3BOJILHON TPYNIIbI B MPOU3BOJILHOM MPEACTABICHUN (38 MCKIIIOUEHUEM
CBOGOIHOI IPYIIIIbI B €CTECTBEHHOM IIPEJICTABIEHUN) OrPAHUYEHA CHUBY
TIOJTOXKUTETHHOM KOHCTAHTOM. B HCKIIOINTENHHOM 2Ke CIydae CBOOOIHOI
IPYLIBI B €CTECTBEHHOM IIPEJCTABJIEHUH OTHOCHTEbHAS yCPEIHEHHAS
dyuknus Iena TOXIECTBEHHO PaBHA HYIIIO.
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CraTucTHyecKoe MOJIE/JTHPOBAHAE TUHAMUAKH
KOHKYPUPYIOTIUX TOMYIATHMA
B YCJOBHAX BO3JEHCTBUS BPEJTHBIX BEIECTB

Koncranrun Koucrantunosnu Jloruuos

PaccmarpuBaercsi croxacTndeckasi MOJesb JUHAMUKYA KOHKYDPHPYIO-
[IMX TIOMYJISAIHH, 0COOM KOTOPBIX MOJBEPKEHBI BO3IEHCTBHIO BpPETHBIX
BENIECTB, MOCTYMAONMX B COCTABE PECypPCOB TMTaHusd. JIMHAMUKA THC-
sennocru nomyssauuit z(t) = (x1(¢), ..., Ty, (t)) onucpBaeTCs € HOMOLIBHIO
HEOIHOPO/IHOIO HEJIMHEHOrO CJ1y 9aiiHOro IIPOLECCa POZKICHH 1 IUOeJI .
N3menenne x(t) 3amaérest 1epe3 peKyppeHTHBIE COOTHOIICHNST

ty =th—1+ 7, x(tp)=a(tg—1)+m, k=1,2,..., (1)
to = O, .Z‘(to) = .73(0)

B dbopmynax (1) caydaiinbie BeIMUUHBI Ty, O3HAUAIOT TPOIOJIZKUTE b
HOCTH [EePUOJIOB BPEMEHU JI0 OUEPEIHOro u3MeHenus & (ty), & BEKTOPHbBIE
CITy9aifiHBIE BEJTMIAHBI 1)), OMUCHIBAIOT Tpupamenne Tty _1). 3AKOHBI Pac-
npeIeNeHust BeMuauH {7, Mg, k = 1,2, ... } BBIBOAATCA U3 COOTHOMIEHUIH,
OTPAKAOIIUX IPOU3BOJICTBO IOTOMCTBA U Tubesib 0COOei BCIeICTBHE Ca-
MOJIMMHUTHPOBAHUSA W KOHKYPEHIINH, a TaK>Ke HeOOPATUMOTO BIUAHNAA HA
HUX MOTPEOISEMbIX BPEIHBIX BEIICCTB.

ITocTymnenne, pacimal U NOTpeGIeHEe BPEIHBIX BEINECTB 3a1a8TCHA
¢ nomompio 1uddepeHIuaTbHBIX YPABHEHHH, IPABbIe 9aCTH KOTOPBIX
couepKar ciaydaiinyio cocrasisiomyio x(t). Ha npomexxyrkax spemenu
t € [th-1,tk),k = 1,2,..., KOIUYIECTBO BPEIHBIX BEMIECTB ¢;(t) M3MEHS-
€TCsl TI0 CJIEYIONIEMY 3aKOHY

de; = - .
G- ri(t)—0i(c;) Zaij xj(tp—1)—0ici, ci(th—1) = Cgk Vo1<i<m.

dt
(2)

B ypaBuenusx (2) caaraemsie 6;(c;) Z;":l o € (tg—1) OMUCBHIBAIOT
CKOPOCTH TIOTPEOICHNST 0COOSIMU BPEIHBIX BEIIECTB §-TO THUTIA, BXOISIINX
B COCTaB MUINEBBIX PecypcoB. CKOPOCTH TIOCTYILICHUST BPEIHBIX BEIIECTB
B cpejy oburtanus ocobeii npejacraieHbl dyHKIuAME 7;(t), 8 CKOPOCTH
KX pacnajga— cjaaraeMbeiMu 0; ¢;. Ilon ddcti [IOHUMAIOTCS IIPABOCTOPOHHUE
mpousBojubie, 1 < ¢ < m.

Jist IpoBeieHU st BBIYUCIUTEbHBIX YKCIEPUMEHTOB IPUMEHSACTCS Me-
toz Monre-Kapiio. Anropurmbl MomennpoBanust MOMeHTOB {t;, k =1,2,...}

Jj=1
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u npasui usmenenus x(ty) (dpopmysnst (1)) onupatorcs Ha cxemy, aHAJIO-
IMYHYI0 CXeMe MOJETMPOBAaHMs CBOOOJHOrO pobera HEHTPOHOB B HEO-
HOPOJHOI cpejie («MeTo/; MaKCUMAJIbHOIO cedenus» ). s nocrpoenus
SKOHOMHWYHBIX AJTOPATMOB MCIONB3YIOTCS OINEHKN CBEPXY Ha PENICHWUS
nuddepentpanbabix ypasuenuii (2) u dyukuuii 0;(¢;), 1 < i < m. Ypas-
HeHus (2) PeranTcs ¢ HOMOIIHIO CTAHAAPTHBIX YUCIEHHbIX MeTOI0B. Uc-
MOJIb3YEMBIE AJTOPUTMBI JIONYCKAIOT €CTECTBEHHOE PACHapaslIeMBAHIe
¥ yAO0OHBI JIJIsi PEAJIU3AIUE HA MHOrOIpoieccopubix 9BM.

IIpencTapaenbl pe3yabTaThl MOAEINPOBAHUS HAMOOIEE XAPAKTEPHBIX
PEXKUMOB JUHAMUKHU (t), BKIIOYAA PEKUM BHIPOXKICHUS TOMYJIANMNA 1
PEXKUM [Eepexo/a C OJHOINO CTAlMOHAPHOrO ypoBHs x(t) Ha ApPYroil mo
BJIMSTHAEM BBIOPOCOB BPEIHBIX BEIIECTB.

Koncrantun Koncranrunosuy Jlorunos,
Owmckuit duiman Uncruryra maremaruku CO PAH, Omck, Poccus,
e-mail: kloginov85@mail.ru
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06 ocHOBaHUAX aaredOPANIECKOR reOMeTPHH HaI
HPOKOHEUHBIMU TPYIIIAMK

Csernana I'puropbesna Meserniesa

B pa6orax [I], 2] n3moxKeHbl OCHOBBI airebpanveckoii reoMeTpruu Hal
IrpynnamMu u APyrEMHA aaredbpamdecKuMu cucremamu. Mpl paccMaTpuBa-
€M Cay4ail MPOKOHEYHBIX I'PYIII, KOTOPBIE IIO ONPEIETEHUI0 SBIAITCS
NPOEKTUBHBIMU IIpeE/Je/IaM1 KOHEYHBIX I'DyIIIT C COOTBeTCTByIOHlefI TOIIO-
sorueii. Ha aroT caydail ctanmapTHbie Onpe/e/enns OyKBaJbHO HE Tie-
PEHOCSTCS.

JI/1s1 MPOKOHEYHBIX TPYIN BBOAATCSA MOHATHS yPABHEHUs, aareOpan-
YECKOIO MHOKECTBA, TOIOJIOTUN 3aPUCCKOr0, KOOPJAMHATHON IPYIIIIbL.

Ausrebpaunyeckas reomerpus Ha il (LPOKOHEYHOMN) rpynnoit G siBiiser-
Csl JIOCTATOYHO XOPOITIEHi JIUITh B TOM CIydae, eCIH 9Ta MPYTINa sSBJIsaIach
HETEPOBOIl 10 yPaBHEHUSIM, T.€. JJId BCAKOIO 7 IPOU3BOJIbHASA CHCTEMA
YPaBHEHUiA OT X1, ..., T, HaJ G HOMKHA OBITH SKBABAJTEHTHA HEKOTOPOR
cBOell KOHEYHOU MHOJICHUCTEME.

[Tycrs npokoreunas rpymna G sBisieTcsi 0OPATHBIM PEJEJIOM 1&11 G;
KoHeuHbIX rpynn G;. O6o3naunm vepe3 7(G) = Ur(G;) - MHOXKECTBO
MPOCTBIX JeNnTeNel mopsakos rpynn G;. Havm mokasanb

Teopema 1. Ecau muoocecmeo (G) beckonewno, mo npokoneuHas
2pynna G He HeMePosa No YPASHEHUAM OM 00HOT NEPeMEHHOT.

Teopema 2. Ecau npoxoneunas 2pynna G abese6a U MHONCECTNEO
m(G) Konewno, mo epynna G HemMePoBa NO YPAEHEHUAM.

PabGora Beimosnuena mpu nopaep:xkke ABIIIT Pocobpasosanus “Pa3su-
THe Hay9YHOrO MOTeHIrala Bhiciieil mKkoabl’ (mpoekt 2.1.1.419).

JIurepartypa

[1] G.Baumslag, A.Myasnikov, V.Remeslennikov, Algebraic geometry
over groups I: Algebraic sets and ideal theory, J. Algebra, 219 (1),
1999, 16-79.

[2] A.Myasnikov, V.Remeslennikov, Algebraic geometry over groups II:
Logical foundations, J. Algebra, 234 (1), 2000, 225-276.

Ceernana I'puropnesna Mesernesa,
HoBocubupckuit rocysapcrsennbiit yausepcurer, HoBocubupck, Poccnst,
e-mail: melesheva_s@ngs.ru
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CpaBHeHHe TOHATHI FeOMeTPUYECKO IKBUBAJIEHTHOCTH U
VHUBEPCAJIBLHON reOMeTPpUYECKONH 3KBUBAJICHTHOCTH B KJlacce
TaCTUIHO KOMMYTATUBHBIX ABYCTYII€CHHO HUJIBIIOTCHTHBIX

Q-rpymnm

Autekceit Astekcanaposud MumeHko

JloK1aT MOCBSIIEH HEKOTOPBIM pe3yIbTaraM 00 ajrebpandeckoit reo-
METPHH HaJ YaCTHIHO KOMMYTATHBHBIMH JBYXCTYTIEHHO HUJIBIIOTEHT-
ubiMu Q-rpynmamu. ITo konegnomy npocromy rpady I' (6e3 neresnb u
KpaTHbIX pebep, ¢ MHOX)ecTBoM péGep E(I')) B MHOroobpasuu aBycTy-
[IEHHO HUJIBIIOTEHTHBLIX Q-IPyIIl CTPOUTCA %GCMUNHO KOMMYMAMUBHAA
rpymnmna Gr ¢ TIOMOIIBIO TTOPOKTAIOIINX W OTPEIEISIONTX COOTHOITEHWH.
MHuozxkecTBOM mOpoXKgaronmx Oyaer MuoxkectBo Bepruui rpada V(T) =
{a1,...,a,}, & MHOXKECTBOM ONPENENSIONIUX COOTHOIIEHUHA MHOXKECTBO
R = {[ai ;) = 1| (a;,a;) € E(D)}.

OCHOBHBIE IIOHATHUS U ONPEJIENEHUs] YHUBEPCAIbHON anrebpanveckoi
reoOMeTpHH HaJl aireGpandecKUMI CUCTEMaMN MOYKHO HafiTu B craThe [I].

Iycrs L = (x,~!,=,1) rpynmnosoii a3bik 6e3 KoHcTaHT. /e rpyTIibI
A n B Ha3bIBAIOTCS 2€0MEMPUYECKU IKEUBAAEHTIHOLMU B S3bIKE L, ecan
JIUTst JTIO0O0TO HATYPATBHOTO YHCIA N | /I JII000H CHCTEMBI yPaBHEHUIT
S Or n LepeMEeHHbIX UMEeT MEeCTO paBeHCTBO paaukaios: Rada(S) =
RadB(S)

Teopema. ITycmv Gr, u Gr, — dee Heabeaesvir HacmuwHo KoMMY-
mamusror deyrcmynenno rusvnomenwmusnx Q-zpynnu. Toeda Gr, u
Gr, 20MeMPUUECKY IKEUBAAEHMHDL.

Emé omauM BaykKHBIM IIOHATHEM SABJISETCS MOHATHE YHUBEPCATHHOI
reoMerpuveckoii sxksupasenTHoctu. Jpe rpymnbt A u B Ha3bBalOTCHA
YHUBEPCAADHO 2E0MEMPUYECKY IKEUBAAEHMHUMY B sI3bIKE L, eciu 1is
JIF00OT0 HATYPAJTHHOTO YUCTIA 1L U JJIs JTF000# CHCTEeMBI ypaBHEHUI S OT 1
[epeMeHHbIX HMeeT MecTo paBeHCTBO pagukanoB: Rad4(S) = Radp(S),
u pazukas Rad(S) menpusomum Ham A Torga u TOJIBKO TOL/A, KOTAA
paaukas Radp(S) weupusoium nan B.

Teopema. Jlge wacmuuho KOMMYMAMUEHBE J8YTCMYNEHHO HUAD-
nomenmmusie Q-gpynnoe Gr, u Gr, YHUBEDPCAABHO 2E0MEMPUYECKY IKGU-
8aneHMMbL MO20a U MOALKO moeda, kozda P(Gr,) = ®(Gr,).

3aech muoxkecTBo O(Gr,) O3HAYAET MHOXKECTBO BCEX IK3UCTEHINATb-
ubix ¢opmya crenuasnbuoro suga ¢(7T), BbiiosnHenbix Ha rpyiie Gr,.
@opumyna ¢(T) crpoutca no xoneunomy rpady T caegyommm o6pa-
30M: Kaxk/10i BeprnmHe Tpada T CTaBUTCS B COOTBETCTBUE OJHA U3 OYKB
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215y 2n Gopmyiabl ¢(T'), rae |V (T)| = n. A cama dbopmyna umeer Bu:

o(T) = 321...zn(/\[zi,zj] = 1/\/\[zk,zl] #1A /\zl # 25 /\/\zi # 1),
i£] i

rae [z, 2;] = 1 TOrma U TONBKO TOLA, KOLJA BEPIINHLI, COOTBETCTBYIO-
mue z; u z; B rpade T, coenunenst pebpoM, U [y, 2;] 7# 1 eciu BepIIUHEL,
COOTBETCTBYIOIIHE 2 U 2; B rpace T', HE coeauHeHbl PEOPOM.

B moksaze Takyke TPUBOOUTCS TPUMEP ABYX TPYTIM, KOTOPHIE SBIISA-
IOTCS TEOMETPUYECKU IKBUBAJIEHTHBIMHU, HO HE SIBJISIIOTCSI YHUBEPCATIHHO
TeOMETPUYECKH IKBUBAJIEHTHBIMU.

JIureparypa

[1] E.Daniyarova, A.Myasnikov, V.Remeslennikov,  Unification
theorems in algebraic geometry, Algebra and Discrete Mathematics,
1, 2008, http://arxiv.org/abs/0808.2522.

Ajekceii Antekcanaposud MuInesko,
Owmckuit umuan Uucruryra maremaruku CO PAH, Omck, Poccus,
e-mail: alexei.mishenko@gmail.com
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Cunbnas agbprepHatuBa Turca gma rpynn Kokcrepa

lennanuit Angpeesndy Hockos

B noknane mnanuwpyercs paccKasarh JOKA3ATETLCTBO CJIELYTOIMIETO
pesynbrata: Teopema. Beskas moarpynma rpymmbl Kocrepa kKomedHO-
IO PaHra, SBJIAETCH JIMOO KOHEIHBIM PACIIHPEHHEM CBODOTHOM abeneBoit
TPYNIBI MO0 COAEPIKUT TOATPYTINY KOHEUHOTO WHJIEKCA JTOMTYCKAIOIIYIO
snuMopdu3M Ha CBOOOHYIO HeabesIeBy TPYIILY.

lennaamit Aunpeesud Hockos,
Owckuit pumuan Uucruryra maremarunku CO PAH, Omck, Poccus,
e-mail: g.noskov@gmail.com
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Pernonanpubiit nagekc pucka waunuposanug BUY na
ocHoBe (DaKTOPOB COMUAIBHON Je3aaITaIuN

Exarepuna Anekcanaposuna Hocosa

B pabore mocrpoen nnaekc pucka madunupoBanus BIY, mo3sosrs-
OIIUil OIEHWBATH OKUIAEMbIl YPOBEHb HOBBIX CJIyYaeB 3apPaKEHUsd, 110
JAHHBIM 00 YPOBHE COIUAJILHON /1€3aJAIITAIINH U COINATIbHO-IKOHOMAY€CKUMU
ycnoBuamu B peruonax Poccuu. [ljist Bbraucienus nH1eKca nCI0JIb3YI0T-
Cs1 TOCTYIHBIE CTATUCTUIECKUE JAHHBIE.

[Ipobsiema pacmpocTpaHeHs BUPYCa UMMYHOIeDUIINTA, IETOBEKA TB-
JIIETCS OMHON M3 CAMBIX CePhEe3HBIX MpobieM 3apaBooxpanenns. BITY-
nH(MpEKIHsa — CONMuaITbHO 00yCA0BIEHHOE 3a060IeBaHNe, OCHOBHBIMU (PaK-
TOpaM#U PHUCKA KOTOPOI'O SIBIAIOTCH HAPKO3ABHUCHUMOCTb U PUCKOBAHHOE
cekcyanabHoe oBesenne. M3sectHo, uTo B P® ocHOBHOE KOIUYECTBO CITY-
qaeB 3apaxkenns BUIY cBa3ano ¢ rpynmamMu prucka, KOTOPbIe PEKPYTUPY-
FOTCST W3 OCHOBHOM TTOMYJISINHU B PE3YJIHTATE COMUATbHON /1€3aTaITAIIAN.
ITosTomy akTyasbHOl siBIIsieTCS MPOOIEMA CHUKEHUSI CKOPOCTH PACIPO-
CTpaHEeHWsI BUPYCA B IPYIIIAX PUCKA, COCTABJIAIONINX OCHOBHOI Pe3epBy-
ap WHQEKIN.

[Tpusnakamu COIMUANBHON /133 JANTAIMUN SBJISIOTCS PA3INIHbIE BU-
JIbI IEBUAHTHOI'O TIOBEIEHNUSI: AJIKOTOJIM3M, HAPKOMAaHU s, aMOPAJILHOE 110~
BeJleHWe, IeTCKas OECIPU30PHOCTH, W IPYTUe HAPYIIEHUS COIUAIBHBIX,
MPABOBBIX U HPABCTBEHHBIX HOPM.

B kauecrBe xapakrepucruku pucka undunuposanus BUY/CIIN
B permoHe ym00HO PACCMaTPUBATH BEJIMYWHY CHUJIBI WH(MEKITNH JTAHHOTO
3aboseBanus — A. Cura wHdeEKIMU A paBHa CKOPOCTH WHMDUITUPOBAHUS
ugyscrBuTesbHoro unauuaa [I]. Torna Bennuuna AAt paBHA BEpOATHO-
ctu nH(UIUPOBAHUSA B TedeHun Bpemenu At, HAIPUMED, TOja.

Cuty madeknuu Jai060ro 3ab0eBaHus HETPYIHO OIEHUTb B IIEPBOM
TMPUOJIVKEHUH TI0 JAHHBIM O 3a00JI€BAEMOCTH W PACTPOCTPAHEHHOCTH CO-
OTBETCTBYIOIIEH MHMEKINN:

I(t)

/\Z% (1)

rae I — uucsio uuauBua0B, HHGUIMPOBAHHLIX 3a epuoi, Bpemenu (& —
1;t), S — 4mciI0 YyBCTBUTENBHDIX UHAMBUIAOB HA HAYAJIO [EPUOJA.

B nmannoii pabore, MbI TIPEIIPUHSIN TOMNBITKY MTOCTPOUTH MOKA3a-
TeJIb, TIO3BOJISIONINI OIEHWBATH OXKUIAEMbI YPOBEHBb 3a001€BAEMOCTH
BUY B permonax Poccun Ha ocHOBe MHQMOPMAIIME O IIPOIECCAX COUATID-
HOIT Je3aJaNTaIny HaceJeHus — WHIEKC prucKa wHdumuposanns BIY.
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st mocTpoeHnsT MHIAEKCA MBI HCIOJIb30BAIN METOI, ONMCAHHBIA B
pabore [2]. B kauecrBe KOIIMYECTBEHHBIX XaPAKTEPUCTUK (PAKTOPOB CO-
UAJIBHON 1e33/IalTaIid, Mbl BEIOPAJIN CKOPOCTH PACIPOCTPAHEHUS HAP-
KOMaHUU — Ap, uHGEKImii, nepegaomuxcs mogosbiM mytém (UITIIIT) —
Ag ¥ QJIKOTOJIU3MA — A 4. SHAYEHUS ITUX BEJIMINH, MOTYT OBITH OIEHEHBI
HA OCHOBE CTATHCTUIECKUX JAHHBIX.

Ucxons n3 ananmm3a SMINPUIECKAX JAHHBIX U TEOPETUIECKUX 3HAHUIT
0 MEXaHM3MaX PACIPOCTPAHEHUsI BUPYCA, OBbLI IPEIJIOKEH PsJl THIOTE3
0 BHjIe TpeamnoaaraeMoil 3asucumoctu cuibl nadeknun BUY ot dakro-
POB cOIMAIBHON Me3amanTaiuu. [IpoBepKa 3TUX mpeInoIoKeHnil CTaTh-
CTUYEeCKUMU METOJAMHU MMOKA3aJ1a, 9TO CJIEAYIOINee BhIpakenne Hanbosiee
TOYHO MPUOINKAET UMEOIIHecs JAHHbIE::

AsAp

AN =162 2
62 (2)

Dopmyna XapaKTepu3yercd CyLEeCTBEHHON HeJOOLUEHKOR CuJibl
vHQEKINN B Psifie KIIYEBbIX peruoHoB Poccuwm. [Ijis MOBBIMIEHUS Ka-
9eCTBa OIEHKHU ObLIN MCIIOJb30BAHBI CBEIEHUS O MUTPAIIMOHHON, SKOHO-
MUY€ECKON U TPY/IO0BOM aKTUBHOCTU HACEJICHWS, KOTOPbIE TAKKE BJIUSIOT
Ha (popMUpOBaHKE TPYII PUCKa. B pe3ynbrare ObLIA MOy YeHA TTOIPaB-
ka A\? k popmyse . MNunexc pucka muadwunuposanus BUY moxer
GBITH paccunTan B BuIe guHeinoi komourammm A1) m \(2):

A =0,8401 +0,16A? (3)

Koppensmus 3nadennii cusibl nHOEKINN, PACCIATAHHBIX MO (HGOPMY-
ne (1), u uanexca (3)) ysemmuammacs mo cpasuenuio ¢ (2)) (c 0.61 mo 0.74)
OJIHAKO 3TO HE peraer mpodseMbl a/IeKBATHON ONEHKH PUCKA WHUIH-
poBanus B psne permoHoB. Kpome Toro, Takoil crmocod OIEHKH PHCKA
nHQMUITPOBAHUS TPeOyeT MPUBJICIEHUs JAHHBIX U3 chep IesaTebHOCTH,
HE CBSI3aHHBIX CO 3PABOOXPAHEHUEM.

Ananus 3aBucumocreii cuiibl nadeknun BUY ot (pakTopos conpaib-
HOI Je33JanTauu yKa3bIBAET HA CYIECTBOBAHNE HEKOTOPBIX CTPYKTYP-
HBIX 0COOEHHOCTEH B PACIPOCTPAHEHUH BUPYCA B PEIMOHAX C PA3JIUIHBI-
MU KOJIMIECTBEHHBIMY KOMOUHAIMSAMY YKA3AHHBIX (DAKTOPOB. Tak, 3aBu-
cumocthb cuytbl BUY-undexknum 0T CKOPOCTH pacipOCTPAHEHWS HAPKO-
MaHUHU MOHOTOHHO BO3PACTAIOIAs, OT APYTUX XaPAKTEPUCTUK — HEMOHO-
tonnas. [Ipoananu3upoas mom06HBIE 3P (DEKTHI, MBI BBIISTIIA I€THIPE
KJIaCCa PErMOHOB U MOCTPOUIN HHIEKC pucka nHdunuposanus BUY g
KayKJIOr0 KJIacca.

Taxkoit crrocob orenkn cuibl nHpeknun BIIY B pernonax craBuT 3a-
a9y OTHECEHWSI PECMOHA K TOMY WJIM WHOMY KJjiaccy. Mbl mpoaHa m3npo-
BaJIM PETHOHBI B KAXKIOM U3 Y€THIPEX KJIACCOB U BBIIEJINIIN Psi/i CBOMCTB,



o1

KOTOPBIE TTO3BOJAIN ObI PEIINTh YKA3AHHYIO MPOOIEMY KIaCCH(DUKATIII
cyobekToB P®.

Ilocrpoennbiii uH/IEKC, HECMOTPS HA Pl IPEUMYIIECTB, HE LIPEIHA-
3HAYEH JJId JOJTOCPOYHOrO TPOrHo3upoBanus. OH JIUIIB TTO3BOJISET OIe-
HUATH OXKugaemMyio 3aboseBaemocts BUY u nars 000CHOBaHME OCHOBHBIX
MPUYWH OXKHTAEMOT0 KOJIMYEeCTBA BHOBb NH(MDUIMPOBAHHBIX U HATIPABUTH
ycuust o 6opbOe B HyzKHOM HAIIPaBJICHUH.

JIureparypa

[1] R.Anderson, R.M.May, Infectious Diseases of Humans, Oxford
University Press, Oxford, 1991.

[2] T.U1. Mapuyk, H.J1. Hucernu , M.11. 3y6ukosa, Buorumuyeckud un-
dexc u oUeHKa GYHKUUOHAADHOZ0 COCTNOAHUA NEYEHU NPU BUPYCHOM
zenamume y demeli ¢ NPUMEHEHUEM MATNEMAMUYECKUT Memodos.
Ipumenenue mamemamuueckur memodos 6 KAUHUNECKOT Npaxmiu-
xe, HoBocubupck: 1970.

Exarepuna Anexkcanaposua Hocosa,
OTY ITHNMON3, Mocksa, Poccus,

e-mail: nosova@mednet.ru
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BrrancaurebHble TEXHOJIOTHN
MHIUBAAYAJIbHO—OPUEHTUPOBAHHOTO MOJICJIMPOBAHUA
COO0DIIEeCTB B3aUMOIEHCTBYIONINX UHIUBULYYMOB

Huxkoutait Bukroposu4 Hepueeﬂ

OHUM W3 HATPABJIEHUH MaTEMATUIECKOrO MOJICIUPOBAHUS SBJISET-
Csl MCCTIeIOBAHUE TPYTHO (POPMATU3YEMBIX OOBEKTOB, K KOTOPBIM OT-
HOCSATCST PA3HOOOPA3HbIE COODIIECTBA B3AUMOIEHCTBYIONIMX HHIUBULYY-
MOB. B psizie hyHIaMEHTAIBHBIX UCCIIEIOBAHUI U PA3JINIHBIX IPUKJIIAI-
HBIX 33[a9aX PACCMATPUBAIOTCS COOOIIECTRA C IOCTATOYHO CIIOKHON CTPYK-
TYpOii, KOTOpasi O0YCJIOBJIEHA TTAPAMETPAMH, XapPAKTEPU3YIOIMMHI KarK-
JIOTO OTIEIBHO B3ATOrO WHIWUBUIYYMa. B3auMo/IeiicTBie WHIUBUIYYMOB
¥ U3MEHEHUs WX MapaMeTpoB MOTYT CYIIECTBEHHO BJIMATH HA CTPYKTY-
py coobuiecrBa (YUCIEHHOCTH, BO3PACTHOM COCTAB, KJACCUMDUKAIUS 110
3aJJaHHBIM NPU3HAKAM M 1P.). B CBsA3M € 3TMM, NOCTPOEHNE MaTEMaTH-
9eCKUX MOJeJIell TaKuX COOOIIECTB OJIKHO OMUPATHCA HA JTOCTATOYHO
CJIOYKHOE U TMOKOE IMapaMeTPUYecKoe ONMUCAHNE WHIUBHLYYMOB.

B macrosmiee Bpemsi OOMBIMHHCTBO MAaTEMATHIECKAX MOeseil Omo-
JIOTUYECKUX M COIMUAJBHBIX COODIIECTB OMMPAETCs HA JIeTePMUHUPOBAH-
HbI 1oxX0 1 anmapar JudepeHnnaibHbIX, PASHOCTHBIX U HHTErPAJib-
HBIX ypaBuenuit (cm., Hanpumep, I1.B. @ypcosa, A.I1. Jlesuy, 2002 1., 06-
30p). HeoGxoaumMocTh pa3BuThst MOAEJIEH TAKOTO KJACCA C TOYKU 3Pe-
HUsI MHOrONAPaMETPUYIECKOr0 OIMCAHUs WHWBUIYYMOB OTMEYajach B
monorpacduu P.A. Tlonyskrosa, FO.A.Ilbixa, W1.A. IlIsbiroBa (198071.).
KoncrpykTuBHBIH 1101X0/ K HAPAMETPUYECKOMY OIUCAHUIO HUHIUBULY-
yMOB B (pOpME CHCTEM PAZHOCTHBIX YPABHEHWI MPEIIOKEH B PabOTaX
A M. Muxannckoro, A.M. ITerposckoro, A. 1. dmmna (1982, 1989 r.r.). Onun
M3 CAMBIX TIJIOJAOTBOPHBIX, HO JIOCTATOYHO TPYIHBIX MOIXOJ0B K OITH-
CAHUIO HEOJHOPOJHBIX HOMYJsIWi CBS3aH C MPUMEHEHHEM yPABHEHUN
B YACTHBIX IPOU3BOMHBIX U MHTErpOo—audDepeHuaibHbIX ypaBHEHUH
(cm., naupumep, I A. Bouapos, K.P. Hadeler, 2000 1., 0630p). Yuér Biu-
STHUST OKPY3KAIOIIEH CpeIbl Ha M3MEHEHHE MapaMeTPOB, BXOJAIINX B OIH-
CaHue TPOIECCOB POXKIEHUs, TUOEIM U MUTPAIIUN UHIUBUILYYMOB, TTPE/I-
crasieH B paborax B.I. Unbuuesa (2001-2009.r.). Bee Momenn ykasan-
HOrO THMA TPEOYIOT 3HAYUTEbHBIX YCUJIUH C TOYKHM 3PEHUsT UCCIEI0BA~
HUSA CBOICTB pelleHuil COOTBETCTBYIOIIUX YPAaBHEHUN KAaK C IOMOIIbIO
AHAJIMTUYECKUX, TAK W YNUCJIEHHBIX METOIOB. B WacTHOCTH, CePhE3HYIO

2PaBora mogyepxana PODU (mpoext N 09-01-0098-a) u CO PAH (mpoekt N
26)
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mpobaeMy MpeacTaBasgeT coOOi dmciaeHHoe perneHue auddepeHIuaib-
HBIX YPABHEHUH C TOCJIEefICTBIEM IIPY IEPEMEHHOM IIIare HHTErPUPOBa-
nus. Ciosa ke OTHOCUTCs POOJIEMa YUCIEHHOIO PEeIleHUsT HeJIMHEHHbBIX
WHTErpaJIbHBIX YPABHEHWH THIA CBEPTKU C HETJIAJKUMU U PA3PHIBHBI-
My DYHKIUSAMHE, OMUCHIBAIONIAMA JTOXKUTUE W PENPOAYKIIAIO0 WHINBHUILY-
YMOB.

Heobxonumo orMeTuTh, 9T0 J€TEPMUHUPOBAHHDBIN MOIX0M K OCTPO-
€HUIO MOJeJiell COOOIIeCTB UH/UBHUILYYMOB UMEET HEKOTOPbIE OrPaHuYe-
aus. Ceayer yauThIBATh, 9TO YUCIEHHOCTH COODIIECTB MOYKET COCTAB-
JIITH HECKOJIBKO JTECATKOB, COTEH WJIU THICAY WHIWBHUILYYMOB, 9TO TPUBO-
JUT K ONPEIeIEHHBIM MpPOOeMaM MpY WHTEPIPETAINU PEIeHuil 1eTep-
MUHHUPOBAHHBIX MOZe/Iel u TpedyeT MPUBJIeIeHNUsT IETOYNCIEHHDBIX TIepe-
MeHHbIX. JleTepMuHUPOBAHHBIN I10/IX0J HE I[I03BOJISIET OObACHUTH MHO-
roobpasue peasbHBIX JAHHBIX, UMEIOIINECS PA3JINYus MEXKIy CO0DIIe-
CTBaMU, JOCTATOYHO OJM3KAMU MEXKIy cO0O# MO CBOEl CTPYKType u
mapaMerpaM WHAWBUIYYMOB. DTOT TOIXOM HE TAET BO3MOXKHOCTH IO-
CTPOEHWS W aHAJIN3A MOJEJel JTOCTATOYHO CJIOXKHBIX COOOIIECTB B CHILY
IPOMOB/IKOCTH ¥ HEJIMHEHHOCTH BO3HUKAIOIINX CUCTeM ypaBuenuii. JIpy-
roe HAIlPABJIEHUE B UCCJIE0BAHUY YBOIIOIUOHUDYIOUIUX COOOIIECTB CB-
3aHO C MYJIbTH—Ar€HTHBIM MOJIEJMPOBAHMEM, OCHOBAHHOM HA, AJITOPUT-
MHUYECKOM ONWCAHWHN W MPOTPAMMHOM 33/aHUU TPABUJI MOBEIECHUS WH-
nuBuayymoB (cm., manpumep, R. Axtell, 2000 1., K. Carley, et.al, 2003 r.,
D.M. Green, et.al., 2006 ., H. Rahmandad, et.al, 2006r., R.E. Watkins,
et.al, 2007 ., B.I. ITepmunos, I.A. Capanya u ap., 2003 r., 2009 1.). dror
TTO/IXOJT TIO3BOJISIET CTPOWTH JOBOJBHO THOKWE WMUTAIMOHHBIE MOIEIN
I u3ydeHnsi KOHKPETHBIX COOOINECTB, HO HE ODECIEeYNBAET MPUMEHE-
HUS QHAJATHIECKAX METO0B, HEOOXOAMMbBIX [IJIs1 TOCTPOEHHUST OIIEHOK Ha
nepementbie Mojesei. OnuH u3 Hauboiee AJeKBATHBIX U KOHCTPYKTUB-
HBIX CIOCODOB (POPMANM3ANNKA U U3YyUIEHHUsT COOOIMECTB C yI€TOM B3a-
WMOEHCTBUST WHINBUIYYMOB W W3MEHEHHUs] WX MApaMeTPOB COCTOUT B
MPUMEHEHUN BEPOSATHOCTHBIX MOJEel W METOHd CTATUCTUIECKOTO MO-
nesuposanust (Monre-Kapio). B npusiozkeHusix mMupoKO UCIOJIb3YI0T-
cs obuue BerBsiinuecs ciay4daiinbie nporeccel (B.A. CeBacrbsanos, 1971 1.,
P. Jagers, 19751 u ap.), BeTBslrecs IPOLECCHL C B3AUMO/IEHCTBUEM Ya-
crut (B.A. Cesacrbsanos, A.B. Kanunkun, 1982 1., A.B. Kauunkun, 20021.),
BETBSIIIMECS MPOIECCHI B TIEPEMEHHOi u caydaitnoii cpene (B.A. Baryrun
u 71p., 20052008 I.I.) ¥ IPOIECCHI APYTUX TUIOB. MeTo| CTaTUCTUIECKO-
0 MOJIEJTUPOBAHUS OIMUPAETCS HA CTAHIAPTHBIE AJTOPUTMbBI T€HEPAIIUN
CIy9afiHbIX BEJIUYUH C 33JaHHBIMHU 3aKOHAMU PACIPEIEICHIS, a TaKKe
BEJIMYNH, OIMKACHIBAIOMIIX CBOOOIHBIN Ipoder HEHTPOHA B HEOTHOPOIHO
cpene (U.M. Coboub, 1973 1., C.M. Epmaxkos, I A. Muxaiinos, 1976 .).

Cremyer OTMETHUTD, 9TO JIJIsi MHOTHX COODIIECTB B3aUMOIEHCTBIE MH-
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JIUBUJLYYMOB 3aBUCAT OT KOHKPETHbBIX 3HAYEHUIT UX MapamerpoB (BKJIIO-
4yas BO3PACT), PACUPE/EIEHUs BPEMEHH YKU3HU MHIMBULYYMOB OTJIMYa-
FOTCS OT IKCIIOHEHIMAJIBHOIO, [EPBOHAYAJIBHO CyNIECTBYIOIIUE MH/MBY-
JYYMBI UMEIOT JOCTATOYHO CJIOKHBIE PACIPEIESICHUs M0 BO3PACTY U MO
3HAYEHUSIM CBOUX TapaMeTpoB. IlepeduciieHHbie 0COOEHHOCTH yKa3bIBa-
0T Ha TEPCIEKTUBHOCTh PA3BUTHS YUCJEHHBIX METOJOB MOJETHPOBa-
HUSA W Pa3pabOTKH MOJENUPYIONIAX MPOrPAMM HA OCHOBE CTOXACTHYE-
CKOM MHIUBU/Y yM—OPUEHTUPOBaHHOM Moaenun. [Ipumepom paspaborku u
TMPUMEHEHUs] TaKOW MOIENN ABJIAIOTCS SI3bIK OMUCAHUS COODIIECTR B3au-
MOJEHCTBYIOMUX UHAUBHAYYMOB u mporpamma ‘Populations Modeler”,
paspaborausbie B.IO. [Tuayrunbiv u H.B. Ilepuessivm (20042009 r.r.).
C.A.Kiokos u B.YO. [Tuayrus ucnonb30Banm WHIUBUIYATHBHO—OPUEHTH-
POBaHHBIH OAXO0 IPU pa3paboTKe anropuTMa MOJETUPOBAHK U MOJIE-
JIUPYIOWIEH TPOrpaMMBbl, TTPEIHASHAYEHHBIX IJIS PACUYETa TEHETUYECKON
SBOJIIONUY NOMy/anuu ¢ aByMsa redamu (2007 r.). [Ipumenenune 3Toit npo-
rpaMMBbl 3HAYUTEIHHO JOMOJIHUAIO PE3YAbTATHI AHAJIUTHIECKIUX UCCIIEI0-
Banuit mogenu (P. Haccou, et.al., 2006-2007 r.r.).

Pa6ora 110 co31aHUI0 CTOXaCTUIECKAX MH/IUBU/LY A IbHO—OPUEH THPOBAH-
HBIX MO/IeJIell, IPeJIHA3HAYEHHbBIX /I MCCJIEJ0OBAHUSA IIUPOKOIO KJacca
COOOIIECTB B3aUMOIEHCTBYIONINX WHAWBHUIYYMOB, JTOJIKHA BKJIOUYATH B
cebst perenue CaeayoIMnX 3a0ad:

1) mocrpoenune TEOPETUKO—BEPOSITHOCTHOIO OIMCAHUS COODILIECTB C
IPOU3BOIBHBIMY PACIIPEIEICHUSIMA XaPAKTEPUCTHK HHIUBHULY YMOB, BJTH-
SIOIIUX HA MPOLECCHl UX POXKJIeHMs, rubesin u B3auMoeiicTBus,

2) pa3paboTka BbICOKOI(DMEKTUBHBIX BHIYUCIUTEIBHBIX AJITOPUTMOB
¥ CTPYKTYP JAHHBIX, TIO3BOJISIIOIIMX MOIEIUPOBATEH COOOIIECTBA UUCIICH-
HOCTBIO JI0 HECKOJIbKUX MUJIJIMOHOB WHIWBHUIYYMOB, B TOM YHUCJIE, C YIE-
TOM BO3MOKHOCTH ITPOBEJCHUS MAPAJIIETbHBIX BHIYHCIEHNUI,

3) cosuanue MOJEJUPYIOUIMX IIPOIPAMM HA OCHOBE pa3pabOTaHHbIX
AJITOPUTMOB B PA3HBIX CPEIAX MPOTPAMMUPOBAHUS, BKIIOUAS TPOTPAM-
MBI JIJIsi BIYUCIUTEBHBIX KJIACTEPOB U cyrep—BM.

Hukomnait Bukroposuu [lepries,
Owmckuit pumuan Uucruryra maremaruku CO PAH, Omck, Poccus,
e-mail: homlab@ya.ru
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MuanBuiy yM-OpueHTHPOBAHHAS MOJEIb PACTTPOCTPAHEHM S
TyOepKyJie3a

Bopuc FOpneBuu HHtIyrHHD

Tybepkyse3 — 3T0 OYeHb pACIPOCTPAHEHHOE 3a00/I€BAHNIE, TIEPETAI0-
1eecsi B OCHOBHOM BO3JIYIITHO-KAIEJIbHBIM ITyTeM. Bo MHOrmX crpaHax
(B Tom uucsie u B Poccuu) oHo umeer xapakrep snugemuu. Tybepky-
sie3 (nm XoJ1epa) U3BECTEH YEJI0BEYECTBY y2KE HECKOJIBKO ThICSY JIET, HO
BO3OyauTe b ObLT BhIsiBjIeH Juilh B 1882 romy P.Koxowm, a sddexTus-
HBIE JeKapcTBa nmoaydens! B 80-x rogax XX Beka. Ho u aTo HE MO3BOIHIO
CIPABUTCSA C DOTE3HBIO TAK KAK MUKODAKTEpHUH TyOepKyIe3a 09eHb ObICT-
PO IPHUCIIOCAOIUBAIOTCS ¥ IIPUOOPETAIOT PE3UCTEHTHOCTh K PA3JIMIHBIM
BUJaM JiedeHus. Pacrnpocrpanennio 3a00IeBaHus TaKZKe CIIOCOOCTBYIOT
¥ conmajbHbe (DAKTOPHI: HU3KWI YPOBEHBb YKU3HU Yy HEKOTODPHIX CJIOEB
Hace/leHusi, 6E30TBETCTBEHHOE OTHOMIEHNE K MTPOMUIAKTUKE U JIEIEHUIO.
[TosTomy ucciaenoBanue TyOepKyIe3a sABISETCS OJHUM U3 TPUOPUTETHBIX
HaIlpaBJICHUI.

B mannoii pabore mocrpoeHa nHIMBH/LY Yy M-OPUEHTUPOBAHHAS BEPOAT-
HOCTHAs MOJIEJIb PACIPOCTpaneHus TybepKye3a opranos apixanusa (TBO/I)
B HEKOTOPOM permoHe. B OCHOBY MO€/M TOJIOXKEH ITOAXOI, MCIOJIb30-
panublii B [1]. CornacHo sToMy HOAXOLY BCe MHIMBHAYYMBI crapiie 16
JileT, TPOKUBAIOIIUE B WMCCIEAyeMOM DEruOHe, MOjAeeHbl HA 6 KOropT:
S, L, D, B, Dy, By, rie S— KOropra BOCIPUAMYUBBIX BAKIIMHUDOBAH-
HbBIX MHJIUBUAYYMOB, L — KOropTa MHAMBU/YYMOB, HECYIIUX JIATEHTHYIO
vHQEKINIO, HO He PA3BUBINUX AKTUBHBIX (GOpM Ooje3uu, D — KOropra
HEBBIABJIEHHBIX OOJBHBIX B akTuBHOU cramuu TBO/I, HO He BBIIEISIO-
IMUX MEKODAKTEPHUH TyOEepKyme3a, B — KOropTa HEBBISBIEHHBIX OOJTBHBIX
B akruBHON craguu TBO/I, Beiaensonux Mukobakrepuu TyGepKyiesa,
Dy — koropra 60JibHbIX B akTuBHOM craguun TBO/I, He BbLie/Isomux Mu-
KODAKTEpUY U HAXOISIIUXCS HA YIETE CUCTEMbI TPOTHBOTYOEPKYIE3HBIX
Jucnancepos, By — xoropra 60bHBIX B akTuBHOM craann THO/I, Bbige-
JIAIONIUX MUKOOAKTEPUHU W HAXOSIIUXCS HA YIETE CHUCTEMbI TPOTUBOTY-
Oepkyne3HbIx gucnancepos. Ha pucyrke m3o0parkeHa cxema IepexomaoB
WH/IUBUIYYMOB M€Ky KOTOPTaMH.

lPaBora BHIMOMHeHa TpH BWHAHCOBOH moamepkke P@ODOU  (rpanter  NeNe
06-01-00127, 09-01-00098-A).
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3ecb N — 3T0 MHOXKECTBO HOBBIX HHJIMBHJLYYMOB, & U — MHOXKECTBO 10~
TUOIINX WJIV TTOKWHYBIIUX PErHOH WHANBHIYYMOB. CTpeKaMu OKa3aHbI
MOTOKYM WHIUBUAYYMOB. CILIONTHBIMEU CTPEJKAMU MTOKA3AHBI MEPEXOJIbI,
00y CIIOB/IEHHBIE OKOHYAHWEM CJTy YAWHOTO BPEMEHU MPEObIBAHIS B KOTOP-
te. Pacnipenenenus Bpemenu npeObIiBaHus B KOTOPTaX SABIAIOTCH Hapa-
Merpamu Mojesu. [lyHKTupHbIMEU CTpesIKaMu 1M0Ka3aHa rubesib WHIUBH-
JYyYMOB B Pe3yJIbTaTe CTapeHusi. Pacnpeesenre BpeMeHn KU3HU WHIU-
BHUYYMOB TaKKe sBjisieTcs mapaMmerpom monesu. [Iltpux-nyakTupHabiMu
CTpEJIKAMU TIOKA3AHbI TIEPEXO/IbI, OMMCHIBAEMbIE MyaCCOHOBCKUMU MTOTO-
KaM# Pa3jInYHOi MHTEHCUBHOCTHU, 3aBUCAIIEH OT YUCIEHHOCTENH KOTOPT.
ITocTpoennas Moesib ObLIa UCCIEI0BAHA YUCIEHHO IIPU IIOMOIIH IIPO-
rpammbl Populations Modeller [2-3]. Llesibio BbIuuCaMTEIbHBIX JKCIEDU-
MEHTOB SIBJISJIOCH U3YUeHUE PACIIPEIeIeH s 3a00/IEBINNX WHINBHUIYYMOB
B 3aBUCHUMOCTHU OH MPOMDUIAKTHYECKUX MEPONPUATHIl (B YACTHOCTH, OT
peryssipHocTH TIpoBezeHus (Gharooporpadbudeckoro 06CIeI0BaHNS ).

JInreparypa

[1] M.I. Perelman, G.I.Marchuk, S.E.Borisov, et. al.,, Tuberculosis
epidemiology in Russia: the mathematical model and data analysis,
Russ. J. Numer. Anal. Math. Modelling, 19 (4), 2004, 305—314.

[2] B.YO.Iuuyrun, Cmozacmuseckas modeav coobuecmsa 63aumodeds-
cmeyowur 0cobeti, 0LAPAKMEPUIOEAHHILEL HABOPOM NAPAMEMPOS,
Tpynpl Mexk/IyHAPOAHOH KOHQEPEHINH [0 BBIYUCIHTENbHOR MaTe-

maruke MKBM-2004. Y.1., Hosocubupck: Uzn. UBMuMI' CO PAH,
2004, 303-309.

[3] http:// iitam.omsk.net.ru/~pichugin/
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Bopuc FOpbesuu [Tuuyrum,
Owckuit unuan Uucruryra maremaruku CO PAH, Omck, Poccus,
e-mail: bpichugin@mail.ru
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ABTOMaTH3AIMSA MOCTPOCHUS HEPAPXUN B U3MEPEHHIX
MHOTOMEPHBIX MOJIeJIel TaHHBIX

ITaBesn I'puropnesud Penpeen

JI71st IpeICTaBICHNS TAaHHBIX B CHCTEMAaX ONEPATHBHOIO aHAJIN3a JAH-
ubix OLAP (online analytical processing) [1] ncmonb3yiorcss MHOrOMep-
HbIE MOJIEJTH IAHHBIX, HA3bIBaeMble runepkydamu. B nokiame paccmarpu-
BaeTCs CLOCOD ABTOMATU3UPOBAHHOIO OLPE/E/IeHs uepapxuii [2| B uzme-
penusix runepkyba, chopMUPOBAHHOTO W3 MCXOTHON PEIAIMOHHON 6a3bI
JAQHHBIX.

Mogenb naHHBIX «KOMIIO3UIIMOHHAA TaOIUIay dBIdeTCda 0000IeHneM
MOJIEJIU «CeMaHTu4ecKas Tpancdopmanusy [3] Ha cirydaii ciucka 3Hade-
Huit B omHOil a4eiike. IIpemcraBieHne «KOMIIO3UIIMOHHON TAOIHIBI» —
oTHoOIIeHne R*, cTpouTcss W3 MCXOTHOTO PEIAIUOHHOTO OTHOIEHusS R.

N
Cxema onucanus orHomenust R*: Sch(R*) = {X, |J Dom(Y;) x {Z;}},
i=1
rne X, Y;, Z; — muoxecrsa arpubyro uz3 R. X u'Y; (i = 1,2,...,N)
SIBJISIIOTCSL OOOOIIEHHBIME KOOPINHATAME W MOTYT PACCMATPUBATHCS KAK
u3MepeHus.

ITpu mocTpoeHnn nepapxuu B M3MEPEHUN B KAYECTBE YPOBHEH n3Me-
pEeHUs UCTIOIB3YIOTCS ATPUOYThI UCXOIHOM Oa3bl JaHHBIX. Cxema nepap-
XWW — 3TO OPMEHTHPOBAHHBIA AIMKJIMIECKUIl W CJIa00 CBA3HBIA Tpad
H = (A, E), rue A— muoxecrso arpubyros, E — muoxkecrso ayr. C, D —
arpubyrel. C' < D, eciiu B H cymmecrByer myTh u3 Beprmabl C' B D.

st 3a/1aHMst 9aCTUYHONO HOPSJ/IKA HA MHOXKECTBE aTpubOyTOB, BXO-
aampx B GYHKIHOHAIBHBIE W MHOTO3HAYHBIE 3aBUCUMOCTH [4], ucronsb-
3yeTcsi 9BPUCTUIECKOE MPABUIIO:

Ampubymor u3 mHodceECMBa AMPUOYMOS, NPUHUMAIOULE20 MEHBULEE KO-
AURECTNE0 3HAYEHUT, PACTIOAGZAIOMCA 68 UEPAPTUL BHLULE LeM amPUOYmMbL
U3 MHONHCECTNBA, NPUHUMAIOWL20 DOAbULEE KOANUMECTNEO 3HAYEHUT.

Insa dyukmmonanasuoit 3aBucumoctu C' — D, rme C' u D — MHOXKe-
cTBa arpubyToB, misa arpudyros Cy € C,D; € D Vk,I C, < D;. Husa
muOro3uaqHoit 3asucumocru C' — D(E), rae C, D, E — MHOMXKecTBa at-
pubyTos, niua arpubyros Ci, € C,I; € DU E VE,l I} < Cl.

L — muo)kecTBO arpudbytoB X nmm Y; «KOMIO3HIMOHHOM TaOIHIBI».
Pazpaborannbiii aJITOPUTM MOCTPOEHUST CXeMbI uepapxun H u3 arpuby-
TOB L MCMOB3yeT YaCTUIHBIN TOPSI0K, 33JaHHBIA HA MHOXKECTBE aTPH-
OyTOB.

Ecnu nepapxus saBisiercs neperysgapHoii [1], To npoussonurcs eé HOp-
MaJTA3AIHUS.
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IIpumenenne npemyiozKeHHOTO asropuTMa (POPMUPOBAHUS HEPAPXUIT
B OLAP-cucremax mo3BoiauT COKpATUTh BpeMs Ha (DOPMUPOBAHIE CXEMbI
HOBOII MHOI'OMEPHOU MOJEJIU JAHHbIX.

JIureparypa

[1] T.B.IIexepcen, K.C. Mencen, Texnoroeus Muozomeprox 6a3 danmvir,
OtkpeiThie cucrembr, 1, 2002, 45-50.

[2] E.Malinowski, E.Zimanyi, OLAP hierarchies: A conceptual
perspective, In Proc. of the 16th Int. Conf. on Advanced Information
Systems Engineering, 2004, 477-491.

[3] C.B.3bikun, Popmuposanue zunepkybunecrozo npedcmasienus pe-
AAYUOHHOT 643t dannsix, [Iporpammuposanue, 6, 2006, 348-354.

[4] k. Yabman, Ocroswr cucmem 6a3 dannwix, M.: ®uC, 1983, 334 c.

ITaBen I'puropneBud Penpees,
Owckuit pumuan Uucruryra maremarunku CO PAH, Omck, Poccus,
e-mail: redreev@mail.ru
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CaoiicTBa KOMMYTaHTa M YHHBEPCaJbHAd 9KBUBAJEHTHOCTDL
JaCTHIHO KOMMYTaTUBHDBIX MeTabesIeBLIX T'PYIIII.

Esrennii MocudoBuy TumornreHko

ITycts I koneunsrit npocToit rpad Ha muoxkecTse Bepiun X = {x1,. ..

Yactuuno koMMyTaruBHas MerabesieBa rpymnmna Sp 3a1aHa MpPeacTaBe-
HUEM
St =< x1,...,xp|[xi, zj] =1 & (x5,2;) €T >

B MHOrooOpas3uu MeTabesIeBbIX TPYIII.

B nmoknane mjs 9acTUIHO KOMMYTATUBHBIX META0EIEBBIX I'PYIII:

— HaliJIeHbl HEOOXOAUMbIE U JIOCTATOYHBIE YCJIOBUS JIJIs YHUBEPCAIIb-
HOI 9KBUBAJIEHTHOCTH B TOM CJIydae, KOIJa oupejesisaoniue rpadbl SB-
JISIIOTCST IEPEBbSIMU;

— TIOJTHOCTHIO ONMCAHBI AHHYJIATOPDI 3JIEMEHTOB U3 KOMMYTAHTa, U 10~
Ka3aH PsiJi THTEPECHBIX CBOMCTB KOMMYTAHTA KAaK MOJYJIS HAJ, KOJIBIOM
MHOro4sieHos Jlopana;

— TIOJIyYeHa, KAHOHWYECKYIO 3aTMCh 3JIEMEHTOB T'PYIIIhHI;

— JIOKa3aHA AMMPOKCHUMUPYEMOCTh HUJIBIIOTEHTHBIMY TPymmamMu 0e3
KpYyJ€Hus;

— W3y4Y€eHbI [EeHTPAIN3ATOPDI JIEMEHTOB;

— TOKA3aHO, YTO JBE YACTUIHO KOMMYTATHBHBIE METAOEIEBBI TPYIIITHI
WMEIOT OJINHAKOBBIE 3JIEMEHTAPHBIE TEOPUU TOT/IA U TOJIBKO TOTIA, KOTIA
ompenensomne uX rpadbl n30MOPQHBL;

— JOKa3bIBaeM, UTO TAKYyIO IPYIITy MOXKHO BJIOXKUTH B MeTabeseBy
IPYLILy € pa3peunMoil YyHUBEPCAJIbHON Teopueil.

Esrennit Uocudosua Tumornenko,

HoBocubupckuit rocysapcTBeHHBIH apXUTEKTYPHO-CTPOUTEILHBIA yHE-
Bepcuret, HoBocubupck, Poccus,

e-mail: etim@sibstrin.ru

733n}~
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ABTOMOPMU3MBI TACTHIHO KOMMYTATHBHBIX HEJIHIOTEHTHBIX
R-rpynn

Anekcannp Bukroposuu Tpeiiep

IIycts R— nubo mosie HysIeBOil XapaKTEPUCTUKH, JUOO KOJBIO Iie-
abix umcest. [Tycrs I'— konewnblit npocroii (6e3 KparHbix pédep u Ie-
resib) rpad ¢ MHOXKecTBOM BepuiuH {Z1,...,Z,} U MHOXKECTBOM PEGEp
E. Tlo rpady I' B MEHOroo6pa3uu AByCTYIIEHHO HAJIBIIOTEHTHBIX R-rpyIin
CTPOWMTCS 9ACTHIHO KOMMyTaTiBHAs rpymma: G = (21, ..., T, |[z;, 2;] =
L, (xivxj) € E>N2,R'

B noknane Oyzaer onmcana CTpyKTypa IPYIIIbl aBTOMOP(MU3MOB IPYyII-
bl Gr. Kpowme roro, qns rpada I' mocrpoena R-apudmernyeckas nuneii-
nag rpyuna H(T'). I'pyuna H(I') peasnuzoBana Kak rpyuna (GaKropHbIX
aBTOMOP(U3MOB YACTUIHO KOMMYTATHBHOW IBYCTYMEHHO HUJIBIOTEHT-
wvoit R-rpynmet Gr.

Anekcanap Bukroposuu Tpeiiep,
Owckuit unuan Uucruryra maremaruku CO PAH, Oumck, Poccus,
e-mail: alexander.treyerQgmail.com
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AHanmM3 yeTORYUBOCTH TOJIOKEHUI paBHOBECUS MOJeei
JUHAMUKU TOMYAAINH,
IMOJABEP2KEHHBIX BOB,ZLefICTBI/IIO BpeAHbIX BeUleCTB

lanmuna Esrennesna [laperopoanesa

PaccmarpuBaroTcs MareMaTrdecKue MOJETN JIUHAMWKYU TOMYJISIIII,
0CcoOM KOTOPBIX TOABEPKEHBI BO3/IEHCTBUIO BPEIHBIX BEINECTB, MMOCTY-
MaloIMX B COCTaBe pecypcoB nuranus. lIpenmosaraercs, 910 TPOIyKT
B3auUMO/JIeICTBUYA BPE/HbIX BELIEeCTB OKa3blBaeT HeraTuBHOE BJIUAHUE HA
MPOJIOIKUTEIHLHOCTD YKU3HU 0COOEH MOMYJIAINY UIN HA CKOPOCTh UX Pe-
npoaykiuu. CucremMa ypaBHEHUI MEPBOil MOIE/IN UMEET BU,

c'i:ri—ﬂi(ci)x—éici, ].Slék,
i=0Bx—vr?—0(cr,...,cp)x, t>0, (1)
¢i(0)=c” >0, 1<j <k, z(0)=2 >0.

Bropas momens 3anucbiBaercs B popme
¢ =r; —bi(ci)x —dici, 1<i<k,

$':ﬂg(go(cl,...,ck))ggf)\x,fyx?, t>0, (2)
(0= >0, 1< <k 2(0)=2© >0

B ypasuenusix (1), (2) mpuasaTs! cienyronme obo3nadenns. [lepemennast
¢; = ¢;(t) o3HAYAaeT KOJIMIECTBO BPEIHBIX BEIIECTB i-r0 Tuma, r = x(t) —
YUCJIEHHOCTD MOIYJISIUA B MOMEHT Bpemenu t, (dyukuusa 6;(c;) 3amaér
CKOPOCTb MOTPebJIeHUs] OJHON OCOOBIO BPEIHBIX BEIIECTB {—I'0 TUIIA, BXO-
JSIUX B cOCTaB luuesbix pecypeos, 1 < i < k. Oyuxuus 0(cq, ..., cx)
OIMCHIBAET CKOPOCTH 00pPA30BaHMs TPOIYKTA B3aAMMOJIEHCTBUST BPEIHBIX
BEIECTB, KOTOPbIH MPUBOAUT K TOBBIINIEHNI0 WHTEHCHBHOCTH CMEPTHO-
cru ocobeit momyssanun. Pyrkuus g(u(t)) yIuTbIBAET CHUKEHHE DEIpo-
JlyKTUBHOIO MOTEHHuasa ocobeil 3a CY8T BJIMAHUS MPOAYKTA B3AUMO-
JIefiCTBUS. BPEJHDBIX BELIECTB, BEJIMYMHA KOTOPOrO 3alaércsd (pyHKIuei
u(t) = p(c1(t), ..., cx(t)). Hapamerp B > 0— MaKkcUMaJIbHAST CKOPOCTH
PEenpOnyKINU OJHON 0cobu 0e3 yuéra BiIUSIHUSI BPEIHBIX BEIIECTB, 7y >
0 — KOHCTaHTa, OTPArKAIOIIAs MHTEHCHBHOCTh B3aNMOEHCTBHS 0cobei,
koapdunmenT A\ > 0— UHTEHCUBHOCTH MPOIECCOB MUIPAIMU U €CTe-
CTBEHHOR cMmepTHOCTH ocobeil nomyssauuu. Koncranter 7; > 0, 6; > 0
334107 COOTBETCIBEHHO CKOPOCTH LOCTYLJIEHUs] M PACLIA/IA BPE/IHbIX BE-
IIECTB.
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B pabore mccnenoBanbl BOMPOCH CyMIECTBOBAHKS, €TMHCTBEHHOCTH 1
HEOTPULIATEJHLHOCTU PellieHuii Mozieseil Ha upomexyTke ¢ € [0, 00). Pac-
CMOTPEHbI BOIIPOCHI CyINECTBOBAHUS U yCTONIMBOCTH [TOJIOZKEHUI PABHO-
Becust. [ToJIy9enbl yCIOBYS BHIPOKICHUS TTOMYJISIIIAE W YCJIOBHUsI, 00ecTe-
YUBAOIINE TOIEPIKAHIE €€ YUCITEHHOCTH HA HEHYJIEBBIX CTAIlMOHAPHBIX
ypoBHsx. [IpuBeeHbl PE3yTHTATH BBIYUCIUTENBHBIX IKCIIEPUMEHTOB.

Pesynbrarnl nccieioBanus yKa3blBaOT HA JOCTATOYHO CJOKHYTO JIH-
HAMUKY HOILy/IALMiA, PA3BUBAIONIUXCS B YCJOBUSX HOCTOSHHOIO BO3EM-
CTBUS BPEIHBIX BelecTB. JM@PEKT BO3MCHCTBHUSA 3TUX BEINECTB MPOSTBJIS-
eTcsl B CYNIECTBOBAHUY HECKOJBKUX YCTOWUYUBBIX CTAI[MOHAPHBIX DEIKU-
MOB JUHAMUKH OIS, OJHAM U3 KOTOPBIX MOYKET SBJIATHCS PEXKUM,
CBSI3AHHBIN C BBIPOXKJICHUEM ITOIYJISINN.

Ha ocnose ypasuenwuii (1), (2) MoryT GbITh HOCTPOEHBI CTOXACTHYE-
ckue Momenu B (popMe HEOTHOPOIHOTO HEJIMHEHHOro CIyYalfHOro Mpo-
1ecca poXKIEeHUS W THOCIIH.

Pa6ora monjep:xana CO PAH (unrerpanunonustii npoekt N 26).

lanmuna Esrennesna [laperoposnesa,
Owckuit pumuan Uucruryra maremaruku CO PAH, Omck, Poccus,
e-mail: GalinaTsar@ya.ru
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KommnbioTepnast peanusalus Kpunrocucrembl Mak-Diuca,

Baagmmup BukToposnd Pegocon

Boiumn mocTaBieHsbl Caeayonme 3a1atm:

1. Iporpammuo peanusoBarh Kpunrocucremy Mak-Dmuca Ha OCHOBE
BYX-komoB n komos Puma-Mammepa.

2. Coszzmarh mporpaMMy JAeMOHCTPAIMH KPUIITOCKCTEMBI JIJist 06paboT-
KM TEKCTOBO# mH(OpMAaInn.

Onucanne kpunrocucreMbl Mak-dumca: AbonerT «A» mmdpy-
€T ceKpeTHOe coolIIente ] OTKPLITHIM KTIOUOM B U mepesaéT ero mo Ka-
HaJTy CBSA3M, TJIe OHO HCKayKaeTcs, abonenty «B». Marpuna B = L-B- P,
rae L — HeBBIpOXKIEeHHAd MaTpulia, a P — mepectanoBouHas. B pe3ynn-
tate aborenT «B» momydaer sekrop V = I - B +e (e— BEeKTOp OmMO0K).

AGonent «B», nonyuus V, naxomur V = V - P71, Barem ¢ nomo-
IO KAKOI0-JI00 ODIIEn3BECTHOIO AJITOPUTMA, JIEKOIUPOBAHUA JJIsd KO-
JIOB MCIPABJIIONIAX OITHOKN OH HaXOAUT BeKTop I = I - L, mocse 1ero
BBIYHCJISET yIKe CaMo ceKpeTHoe coobmenue [ = I - L1

B pesynbrare nmpomenanuoii paboThl OBLITH PEATI30BAHDI:

1. Kpunrocucrema Mak-9unca, na ocaose bYX-ko10B u ko108 Puga-
Mannepa.

2. TIporpaMma aeMOHCTpAIANA KPUIITOCHCTEMbI, 00pabaThIBAIOIAS TEK-
CTOBYIO mH(pOpMAITHIO.

Baamuvup BukToposut @emocos,
Owmckuit rocymaperBensbiii yausepcurer, Omck, Poccus,
e-mail: fedvov@mail.ru
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