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Covering R-trees, R-free groups, dendrites, and all that

ValeryN.Berestovskii, CondradP.Plaut

We prove that every length space X is the orbit space (with the
quotient metric) of an R-tree X via a free action of a subgroup Γ(X) of
isometries of X. X is de�ned as the space of based �non-backtracking�
recti�able paths in X, where the distance between two paths is the
sum of their lengths from the �rst bifurcation point to their endpoints.
Γ(X) ⊂ X is the subset of loops with a natural group structure of
�canceled concatenation� and the quotient mapping φ : X → X is the
end-point map. The mapping φ : X → X is a kind of generalized
universal covering map called a URL-map, and X is the unique (up
to isometry) R-tree that admits a URL-map onto X. Here a function
f between length spaces is called unique recti�able lifting (URL) if it
has the following two properties: (I) f preserves the length of recti�able
paths in the sense that the length of c is equal to the length of f ◦ c for
every recti�able path c in X; (II) If c is any recti�able path in Y starting
at a point p and f(q) = p then there is a unique path cL starting at q
such that f ◦ cL = c, and cL is recti�able.

When X is a local R-tree, φ : X → X is the traditional universal
covering map and the group Γ(X) = π1(X), the fundamental group of
X. When X is a complete Riemannian manifoldMn of dimension n ≥ 2,
or a fractal curve such as the Menger sponge M, the Sierpin'ski carpet
Sc or gasket Sg, X is isometric to the so-called �universal� R-tree Ac,
which has valency the continuum c =2ℵ0 at each point.

Recall that for a point t in a R-tree T , the valency at t is the
cardinality of the set of connected components of T\{t}, and T is said to
have valency at most µ if the valency of every point in T is at most µ. A
nontrivial complete metrically homogeneous R-tree can be characterized
as a complete R-tree Aµ with valency µ at each point for a cardinal
number µ ≥ 2. It is unique up to isometry, and µ-universal in the sense
that every R-tree of valency at most µ isometrically embeds in Aµ. The
existence of Aµ and the results just mentioned were proved in [1]; Ac can
be isometrically embedded at in�nity in the Lobachevski space Ln, n ≥ 2.

For a general separable length space X, X is a subtree of Ac. When
X is Mn, M, Sc, or the Hawaiian earring H with a compatible length
metric, Γ(X) is in�nitely generated, locally free, not free, and cannot be
presented as a free product of fundamental groups of closed surfaces and
abelian groups. Moreover, X is the minimal invariant R-tree relative to
the action of Γ(X). Hence in these cases the action of Γ(X) on X adds
to previous examples of Dunwoody and Zastrow [2] that give a negative
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answer to a question of J.W.Morgan. Indeed, for a particular choice of
length metric on H, we obtain precisely Zastrow's example.

The complete text is given in the preprint [3].

References

[1] J.Mayer, J. Nikiel, L.Oversteegen, Universal spaces for R-trees,
TAMS, 334, 1992, 411�432.
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On the conjugacy separability for subgroups

in the class of virtually free groups

OlegV.Bogopolski, F.Grunewald

A group G is called conjugacy separable if for every two elements
g1, g2 of G, either g1 is conjugate to g2, or there exists a �nite quotient
G of G, such that the image of g1 is not conjugate to the image of g2 in
G.

We say that a group G has the conjugacy separability property for
�nitely generated subgroups, if the analogous property holds for every
two �nitely generated subgroups H1, H2 of G.

This research was motivated, on the one hand by the works of P.F. Stebe [5]
and J.L.Dyer [2], who proved that �nitely generated virtually free groups
are conjugacy separable, and on the other hand by the work of F.Grunewald
and D. Segal [4], who proved that virtually polycyclic groups have the
conjugacy separability property for �nitely generated subgroups.

Recall that by a theorem of Stallings, every �nitely generated virtually
free group can be represented as the fundamental group of a �nite graph
of �nite groups. We prove the following theorem.

Theorem. Let G be the fundamental group of a �nite tree of �nite
groups. Then G has the conjugacy separability property for �nitely generated
subgroups.

In the proof we use a technique from the paper [1] and a conjecture
of Erd�os about girths of bipartite graphs, which was proved in [3].

References

[1] O.Bogopolski, Almost free groups and the M.Hall property, Algebra
and Logic, 33 (1), 1994, 1�13.
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Universal algebraic geometry

EvelinaYu.Daniyarova, AlexeiG.Miasnikov,

VladimirN.Remeslennikov

Quite often relations between sets of elements of a �xed algebraic
structureA can be described in terms of equations overA. In the classical
case, when A is a �eld, the area of mathematics where such relations are
studied is known under the name of algebraic geometry. It is natural to
use the same name in the general case.

Algebraic geometry over arbitrary algebraic structures is a new area
of research in modern algebra, nevertheless, there are already several
breakthrough particular results here, as well as, interesting developments
of a general theory.

Cumulative to nowadays material of analysis of structures of algebraic
sets over concrete algebraic structures (groups, rings, algebras, etc.)
create a necessity of theoretical conception of this material. There are
general results which hold in the algebraic geometries over arbitrary
algebraic structures, we refer to them as the universal algebraic geometry.
Research in this area started with a series of papers by B. I. Plotkin,
G.Baumslag, A.G.Miasnikov, and V.N.Remeslennikov.

Now we work for a preparation of a series of papers on universal
algebraic geometry, the main purpose of which is to lay down the basics
of the algebraic geometry over arbitrary algebraic structure A and prove
general results in universal algebraic geometry.

At lectures on universal algebraic geometry audience will get to know
how to de�ne such notions of universal algebraic geometry as an equation
over A, an algebraic set over A, a radical, a coordinate algebra, the
Zariski topology, an irreducible set and equationally Noetherian algebra.

Among general results in universal algebraic geometry note: 1) Theorem
on dual equivalence of the category of algebraic sets over A and the
category of coordinate algebras of algebraic sets over A, and 2) the
following uni�cation theorem.

Theorem.Let A be an equationally Noetherian algebra in a language
L (with no predicates). Then for a �nitely generated algebra C of L the
following conditions are equivalent:

1. Th∀(A) ⊆ Th∀(C), i.e., C ∈ Ucl(A);

2. Th∃(A) ⊇ Th∃(C);

3. C embeds into an ultrapower of A;
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4. C is discriminated by A;

5. C is a limit algebra over A;

6. C is an algebra de�ned by a complete atomic type in the theory
Th∀(A) in L;

7. C is the coordinate algebra of a non-empty irreducible algebraic set
over A de�ned by a system of equations in the language L.

EvelinaYu.Daniyarova,
Omsk Branch Institute of Mathematics SB RAS, Omsk, Russia,
e-mail: evelina.omsk@list.ru

AlexeiG.Miasnikov,
McGill University, Montreal, Canada,
e-mail: alexeim@math.mcgill.ca

VladimirN.Remeslennikov,
Omsk Branch Institute of Mathematics SB RAS, Omsk, Russia,
e-mail: remesl@ofim.oscsbras.ru



10

Measuring in free groups

and amalgamated products of groups

ElizavetaV. Frenkel, AlexeiG.Miasnikov,

VladimirN.Remeslennikov

In this work we study asymptotic behavior of regular subsets in a
free group F of �nite rank, compare their sizes at in�nity, and develop
techniques to compute the probabilities of sets relative to distributions
on F that come naturally from no-return random walks on the Cayley
graph of F . We apply these techniques to study cosets, double cosets,
and Schreier representatives of �nitely generated subgroups of F and
also to analyze relative sizes of regular pre�xed-closed subsets in F .
We also work with a free product of �nitely generated free groups with
amalgamation (over �nitely generated group) and introduce several new
types of (bidimensional) asymptotic densities on this algebraic object.
Moreover, we construct procedures of random normal forms generation,
de�ne probabilities of such a generated normal form and give estimates
of sizes at in�nity of singular and unstable normal forms relative to
enclosing sets of normal forms.

ElizavetaV. Frenkel,
Moscow, Russia,
e-mail: lizzy.frenkel@gmail.com

AlexeiG.Miasnikov,
McGill University, Montreal, Canada,
e-mail: alexeim@math.mcgill.ca

VladimirN.Remeslennikov,
Omsk Branch Institute of Mathematics SB RAS, Omsk, Russia,
e-mail: remesl@ofim.oscsbras.ru
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Upper estimates of the mean extinction time

of a population with a constant carrying capacity

SergeyA.Klokov

Let K > 0 be the carrying capacity of a biological system with
non-overlapping generations and individuals of an identical type. For
a given individual, the distribution of o�spring depends on the current
population size in the following way. If there are k individuals in the
current generation, each individual produces a Poisson number of o�spring
with parameter 2

1+(k/K) independently of others. If the population size is
less (greater) thanK, then more (less) than one o�spring is produced on
average, and the dynamics of the population is described by a supercritical
(subcritical) process when the population size is less (greater) thanK.
In the beginning the population size approaches toK rather quickly
and then the population dies out after prolonged oscillations about the
levelK.

Let Xn be the population size in the n-th generation. The sequence
(Xn) is a homogeneous Markov chain with state spaceZ+. The state
0 is absorbing and infk>0 pk,0 = e−2K > 0, hence every population
dies out with probability 1. Let τk be a random time until extinction
of the population having initial size k. The probability of an immediate
extinction is at least e−2K and comparing to the geometrical distribution
with parameter p = e−2K gives a rough upper estimate for the mean
extinction time,

Eτk ≤
1

infk>0 pk,0
= e2K . (1)

We are interested in more realistic upper estimates for Eτk and show
that a theoretical upper bound of the type supk Eτk ≤ CecK holds with
the constant c = 0.707.

Theorem. Let K ≥ 9 be the carrying capacity. If the current population's
size equals k, then each individual produces a Poisson number of o�spring
with parameter 2

1+(k/K) and dies. Let [x] stand for the integer part of x,

α = [0.4974·K]
K , β = [0.2899·αK]

αK ,

g(α, β) = 1− α+ α lnα+
2α

1 + α
− αβ − αβ ln

2
(1 + α)β

+
2αβ

1 + αβ
, (2)

and �nd an integer m to satisfy the inequality

log2(1 +
√
K) + 3 ≤ m < log2(1 +

√
K) + 4. (3)
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Then for the extinction time τk of a population with initial size k the
following estimate is true,

sup
k∈N

Eτk ≤ 103(1− α)(2− (1 + α)β)α
√
βK(m+ 1)2.5m−3eg(α,β)K . (4)

Acknowledgement. The work was jointly supported by theRussian
Foundation forBasic Research (grants 06�01�00127, 09�01�00105), and
theRussian President Fund (grantNSH�3695.2008.1).

SergeyA.Klokov,
Omsk Branch Institute of Mathematics SB RAS, Omsk, Russia,
e-mail: s-klokov@yandex.ru
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A minimal generating system for invariants of several

bilinear forms in dimension two case

ArtemA. Lopatin

We work over an in�nite �eld K of arbitrary characteristic. Let V
be a vector space of dimension n, (·, ·)p1 , . . . , (·, ·)pr be bilinear forms
on V , (·, ·)q1 , . . . , (·, ·)qs be bilinear forms on the dual space V ∗, and
f1, . . . , fd be linear maps V → V . We �x a basis for V and the dual
basis for V ∗. The above mentioned datum is determined by a point in
X = Md⊕Mr⊕Ms, whereM stands for all n×n matrices over K. The
action of GL(n) on V as a base change induces the action on X. The
orbits of this action correspond to isomorphism classes of the mentioned
bilinear forms and linear maps. We explicitly described a minimal (by
inclusion) system of generators for the algebra of invariants K[X]GL(n)

in case n = 2.

ArtemA.Lopatin,
Omsk Branch Institute of Mathematics SB RAS, Omsk, Russia,
e-mail: artem_lopatin@yahoo.com
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Limit algebras

VladimirN.Remeslennikov

Fix an algebraic structure (an algebra) A in a language L (with no
predicates). In the paper [1] following theorem is proved.

Theorem.Let A be an equationally Noetherian algebra in a language
L. Then for a �nitely generated algebra C of L the following conditions
are equivalent:

1. C is the coordinate algebra of a non-empty irreducible algebraic set
over A de�ned by a system of equations in the language L;

2. Th∀(A) ⊆ Th∀(C), i.e., C ∈ Ucl(A);

3. Th∃(A) ⊇ Th∃(C);

4. C embeds into an ultrapower of A;

5. C is discriminated by A;

6. C is a limit algebra over A;

7. C is an algebra de�ned by a complete atomic type in the theory
Th∀(A) in L.

Denote by U = Ucl(A) the universal closure of A and by Uω � class
of �nitely generated algebras from U.

It is shown in [1] that all coordinate algebras of irreducible algebraic
sets over A, de�ned by systems of equations in the language L, enter into
Uω. Moreover, if algebra A is equationally Noethrian, then by Theorem
above inverse inclusion also holds. So the problem of classi�cation of
irreducible algebraic sets overA is equivalent to the problem of classi�cation
of algebras from the class Uω.

There exist several notions of limit algebra. They arose from investigation
of algebras from Uω by means of topological methods. We give tree basic
de�nitions of limit algebra for algebra A. For all of these de�nitions
algebras from Uω and only they will be limit algebras.

References

[1] E.Daniyarova, A.Miasnikov, V.Remeslennikov, Uni�cation theorems
in algebraic geometry, Algebra and Discrete Mathematics, 1, 2008.
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Densities of equations over groups

RobertH.Gilman, AlexeiG.Myasnikov, Vitalii A.Roman'kov

The study of asymptotic properties in group theory has a long history.
Usually the asymptotic densities involved are either zero or one. We
provide new examples of algebraically signi�cant sets of intermediate
asymptotic density. We show that the set of all equations in k variables
over a free nilpotent group which are satis�able in that group has intermediate
density. For a free abelian groups of rank m the density is ζ(k+m)/ζ(k).
For (absolutely) free groups we have a density result similar to the one
for free nilpotent groups but with respect to equations of a particular
form. By identifying these equations with elements of free groups, we
obtain the �rst natural examples of sets of intermediate density for free
groups of rank greater than two.

Vitalii A.Roman'kov,
Omsk State University, Omsk, Russia,
e-mail: romankov48@mail.ru

AlexeiG.Myasnikov,
McGill University, Montreal, Canada,
e-mail: alexeim@math.mcgill.ca
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Polynomial complexity classes

over real algebras with nilpotent elements

AlexanderN.Rybalov

We consider a computational complexity theory over arbitrary algebraic
structures from [2] based on an approach to generalized computability
developed by Ashaev, Belyaev and Myasnikov in [1]. Let A be an algebra
over R with a nilpotent element α. We prove that analogs of the classical
computational complexity classes P and NP over A are di�erent.

References

[1] I.V.Ashaev, V.Ya.Belyaev, A.G.Myasnikov, Approaches to the
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On regularity and di�erential invariants of geometric

structures and Lie pseudogroups

RafaelA. Sarkisyan

By a bundle of geometric structures on an oriented manifold X, we
call a bundle associated with the principal bundle of oriented frames (or,
coframes, which is the same) of order q of this manifold. A bundle of
geometric structures E is called nonspecial bundle if the dimension m
of its �ber is higher than the dimension n of it's base X; otherwise, E
is called special bundle. The number of functionally independent local
di�erential invariants of a nonspecial bundle E at a su�ciently general
point of E increases to in�nity as the di�erential degree of these invariants
grows. The action of a group or a pseudogroup on some manifold is said
to be regular at a point z of this manifold if the dimension of orbits of
this action is constant in some neighborhood of z. For the case n > 2
each special manifold at each regular point is locally isomorphic (this
isomorphism commutes with the action of the group Diff(X)) to one
of the 19 types of sample manifolds Ei. (One may deal with the cases
n = 1 and n = 2 in the similar way by changing some formulations of the
results.) For all sample manifolds, the action of the groupDiff(X) on Ei
is described. The canonical forms of su�ciently general local sections of
special bundles are listed. For any special bundle E the �nite complete
set T of functionally independent di�erential invariants is written out
explicitly. Completeness of set T means that each di�erential invariant
(of arbitrary di�erential degree) at any su�ciently general point of E
may be represented as a superposition of invariants, belonging to set
T . Further discussion is valid for an arbitrary Lie pseudogroup PG of
order q acting on arbitrary manifold P of dimension m + n and not
only for bundles of geometric structures. Let us consider the spaces JkP
and J∞P consisting respectively of jets of order k and in�nite jets of
submanifolds of dimension n in the manifold P . For k ≥ s, there is the
natural projection π(k, s) : JkP → JsP . The space J∞P has an ordinary
weak topology of projective limit. The action of the pseudogroup PG
may be naturally extended to all manifolds JkP and to the space J∞P .
Then, we have:

(1) P has an open everywhere dense invariant set R0 consisting of
regular points.

(2) For each natural number k, there is an open everywhere dense
invariant set Rk in Jk consisting of regular points.
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(3) There is some natural number K = K(n,m, q), depending only
of n, m and q such that for each k ≥ K we have π−1(k,K)[RK ] ⊆ Rk,
i.e. each preimage of each point from RK is regular. Let us de�ne R∞ =
π−1(∞, s)[RK ].

(4) If the number of functionally independent di�erential invariants
at point z ∈ R∞ is not �nite, there is a �nite set (depending of z) of
di�erential invariants F1, . . . , Fs and n invariant di�erentiationsD1, . . . , Dn,
such that acting repeatedly byDi on Fj one gets complete set of di�erential
invariants for each point close to point z (Tresse's Theorem). In a sense,
for each point z ∈ R∞ functions F1, . . . , Fs and invariant di�erentiations
D1, . . . , Dn may be explicitly found (using di�erentiations, algebraic
operations and solution of systems of algebraic equations via implicit
function theorem). The number Pz(k) of functionally independent di�erential
invariants at point z having di�erential degree k is a polynomial in k (for
su�ciently large k). We call this polynomial the Hilbert's polynomial of
the point z.

(5) The domain R∞ is a disjoint union of �nite number of open sets
(atoms), every point of each atom having the same Hilbert polynomial. In
principle one can explicitly derive conditions de�ning each atom from Lie
pseudogroup PG equations. In principle for each atom the corresponding
Hilbert polynomial can be computed explicitly. Hilbert polynomials for
all atoms are contained in the universal list of Hilbert polynomials. In
principle one can explicitly �nd this list, which depends only onm, n and
q, and does not depend on given pseudogroup PG. (Explicitly means that
one uses only �nite number of di�erentiations and algebraic operations.)

All results are true both in smooth and real analytic cases. In real
analytic case domain R∞ is a single atom and it's complement in J∞ is
contained in a hypersurface.

Many authors considered di�erential invariants and Tresse's theorem.
We mention both classical works of Lie,Cartan and Tresse, and modern
works of Ovsiannikov, Kumpera, Olver, Bryant, Kruglikov, Lychagin,
Yumaguzhin, Morozov among others.

References

[1] R. Sarkisyan, On di�erential invariants of geometric structures,
Izvestiya: Mathematics 70:2, 2006, 307�362.

[2] R. Sarkisyan, On di�erential invariants of geometric structures II,
submitted for publication.

[3] R. Sarkisyan, I. Shandra, Regularity and TresseÒs theorem for
geometric structures, Izvestiya: Mathematics 72:2, 2008, 345�382.



20

[4] R. Sarkisyan, Rationality of Poincare series in local problems of
Analisys according to Arnold, Izvestiya: Mathematics 74:2, 2010.

RafaelA. Sarkisyan,
Moscow State University / Financial Academy under the Government of
the Russian Federation, Moscow, Russia,
e-mail: rafael.sarkisyan@mail.ru



21

Classes qω-,uω-compact and equationally

Noetherian commutative semigroups are pairwise distinct

ArtemN. Shevlyakov

The de�nitions of qω-,uω-compact and equationally Noetherian algebraic
system play a key role in the universal algebraic geometry. M.Kotov
constructed peculiar algebraic systems which distinguish all these classes.
In other words, there is a uω-compact algebraic systems which is not
equationally Noetherian and there is a qω-compact but not a uω-compact
algebraic system.

Nevertheless, the following problem holds: try to distinguish these
classes for a classical algebraic systems (groups, semigroups, boolean
algebras etc).

In our work we constructed two commutative idempotent semigroups.
The �rst one is uω-compact, but not equationally Noetherian. The second
semigroup is qω-compact but not uω-compact.

ArtemN. Shevlyakov,
Omsk Branch Institute of Mathematics SB RAS, Omsk, Russia,
e-mail: a_shevl@mail.ru
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Syntactic generic constructions

and ehrenfeucht theories

SergeyV. Sudoplatov

General principles of generic constructions, allowing to realize desirable
structural properties step-by-step, will be discussed. These principles
are based on aprioristic knowledge that is represented by a syntactic
information (a system of types). A realizing semantic object (a structure)
collects the syntactic system. The syntactic generic constructions have
been illustrated by author's examples in the book [S.V. Sudoplatov,
The Lachlan Problem.� Novosibirsk: NSTU, 2009 (to appear), available
in: http://math.nsc.ru/∼sudoplatov/lachlan eng.pdf]. These examples
present realizations of possible basic characteristics (Rudin� Keisler
preorders and distribution functions for numbers of limit models) for
the class of Ehrenfeucht theories and, more generally, for the class of
small theories.

The work is supported by RFBR grant No. 09-01-00336-a, and by the
Council for Grants (under RF President) and State Aid of Fundamental
Science Schools via project NSh-344.2008.1.

SergeyV. Sudoplatov,
Institute of Mathematics SB RAS, Novosibirsk, Russia,
e-mail: sudoplat@math.nsc.ru
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The fully residually F quotients of F [x, y]

TouikanNicholas

We describe the fully residually free groups that arise from systems
of equations over a free group F in two variables. As an application we
can derive a description of the solutions of such systems of equations.

TouikanNicholas,
McGill University, Montreal, Canada,
e-mail: touikan@math.mcgill.ca
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Whitehead minimization, and computation

of algebraic closures in polynomial time

EnricVentura, Abod�oRoig, PascalWeil

The Whitehead minimization problem consists in �nding a minimum
size element in the automorphic orbit of a word (resp. a cyclic word or
a �nitely generated subgroup) in a �nite rank free group Fn. We give
the �rst fully polynomial algorithm to solve this problem, that is, an
algorithm that is polynomial both in the length of the input word and
in the rank of the ambient free group, n. Earlier (classical) algorithms
had an exponential dependency on the ambient rank.

As an application, it follows that the primitivity problem (to decide
whether a given word is an element of some basis of Fn) and the free
factor problem (to decide, given two subgroups, whether one is a free
factor of the other) can also be solved in polynomial time.

Another interesting application is the following: given an extension
of subgroups of Fn, H < K < Fn, one can compute the algebraic closure
(i.e. the smallest free factor of K containing H) in polynomial time with
respect to the total length of the given generators for H and K (this was
known to be computable, but the existing algorithm was exponential).

EnricVentura,
Universitat Politecnica de Catalunya, Manresa, Spain,
e-mail: enric.ventura@upc.edu
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Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå ðàñïðîñòðàíåíèÿ è

êîíòðîëÿ òóáåðêóëåçà1

ÊîíñòàíòèíÊîíñòàíòèíîâè÷Àâèëîâ

Òóáåðêóëåç� îäíî èç ñàìûõ îïàñíûõ èíôåêöèîííûõ çàáîëåâà-
íèé. Òóáåðêóëåç ïîðàæàåò ïðåèìóùåñòâåííî ýêîíîìè÷åñêè àêòèâ-
íûå ñëîè íàñåëåíèÿ, è ïîýòîìó îí ÿâëÿåòñÿ ñîöèàëüíî çíà÷èìûì
çàáîëåâàíèåì, à áîðüáà ñ êîòîðûì âêëþ÷åíà â Öåëè ðàçâèòèÿ òûñÿ-
÷åëåòèÿ ÎÎÍ (UN Millennium Development Goals).

Ðàñïðîñòðàíåíèå òóáåðêóëåçà ïðîèñõîäèò ïðåèìóùåñòâåííî àýðî-
ãåííûì ïóòåì. Äëÿ òóáåðêóëåçà õàðàêòåðíà î÷åíü äëèòåëüíàÿ ñòà-
äèÿ ëàòåíòíîé èíôåêöèè. Ïîðÿäêà 90% èíôèöèðîâàííûõ íèêîãäà íå
çàáîëåâàþò òóáåðêóëåçîì è îñòàþòñÿ íîñèòåëÿìè ëàòåíòíîé èíôåê-
öèè äî êîíöà æèçíè. Íàèáîëåå ðàñïðîñòðàíåííàÿ è íàèáîëåå ýïèäå-
ìè÷åñêè îïàñíàÿ ôîðìà òóáåðêóëåçà� òóáåðêóëåç îðãàíîâ äûõàíèÿ
(ÒÎÄ). Ñìåðòíîñòü ïðè íåëå÷åííîì ÒÎÄ ñîñòàâëÿåò ïîðÿäêà 50%.

Ìàòåìàòè÷åñêèå ìîäåëè ïðîöåññà ðàñïðîñòðàíåíèÿ è êîíòðîëÿ
òóáåðêóëåçà èñïîëüçóþòñÿ äëÿ àíàëèçà ñòàòèñòè÷åñêèõ äàííûõ è äëÿ
ïðîãíîçèðîâàíèÿ ðàçâèòèÿ ýïèäåìèîëîãè÷åñêîé ñèòóàöèè� â òîì
÷èñëå, è ñ ó÷åòîì èçìåíÿþùèõñÿ âîçäåéñòâèé èëè óñëîâèé. Ïîñëåä-
íåå ïîçâîëÿåò ðåøàòü çàäà÷ó îïòèìèçàöèè ñõåìû ïðîòèâîòóáóðêó-
ëåçíûõ ìåðîïðèÿòèé íà ïîïóëÿöèîííîì óðîâíå.

Ê íàñòîÿùåìó âðåìåíè îïóáëèêîâàíî íåñêîëüêî äåñÿòêîâ ìàòåìà-
òè÷åñêèõ ìîäåëåé, ñâÿçàííûõ ñ ýïèäåìèîëîãèåé òóáåðêóëåçà. Áîëü-
øèíñòâî èç íèõ îïèñûâàåò ïðîöåññ åãî ðàñïðîñòðàíåíèÿ â öåëîì,
äðóãèå æå ìîäåëè îïèñûâàþò òîëüêî îòäåëüíûå �ëîêàëüíûå� ïðî-
öåññû� âûÿâëåíèå áîëüíûõ, ðàçâèòèå áîëåçíè è ò.ï. Â ìîäåëÿõ, êàê
ïðàâèëî, ó÷èòûâàþòñÿ îñíîâíûå îñîáåííîñòè òóáåðêóëåçà: êðàéíå
äëèòåëüíàÿ ëàòåíòíàÿ ñòàäèÿ, çàâèñèìîñòü óäåëüíîãî ðèñêà ðàçâè-
òèÿ áîëåçíè îò äàâíîñòè èíôèöèðîâàíèÿ, ñóùåñòâîâàíèå èíôåêöè-
îííûõ è ìàëîèíôåêöèîííûõ ôîðì òóáåðêóëåçà è ò.ï. Îáû÷íî ìîäå-
ëè ñòðîÿòñÿ äëÿ èçó÷åíèÿ âëèÿíèÿ êàêîãî-ëèáî îäíîãî ôàêòîðà èëè
ãðóïïû ôàêòîðîâ� âëèÿíèÿ ëå÷åíèÿ è åãî ïàðàìåòðîâ, ðàçâèòèÿ ëå-
êàðñòâåííîé óñòîé÷èâîñòè, âçàèìîäåéñòâèÿ ñ äðóãèìè èíôåêöèÿìè
(ïðåæäå âñåãî, ñ ÂÈ×), âëèÿíèÿ äåìîãðàôè÷åñêèõ ïàðàìåòðîâ è ò.ï.,
íî ñóùåñòâóþò è ìîäåëè, äåëàþùèå ïîïûòêó îïèñàòü îäíîâðåìåííî
âñå îñíîâíûå ïðîöåññû, âëèÿþùèå íà ðàñïðîñòðàíåíèå è êîíòðîëü
òóáåðêóëåçà.

1Ðàáîòà ïîääåðæàíà ãðàíòîì ÐÔÔÈ 07-01-00577-à è ãðàíòîì Ïðåçèäèóìà
ÐÀÍ �Ôóíäàìåíòàëüíûå íàóêè� ìåäèöèíå�.
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Îñíîâíîé ïðîáëåìîé ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ ðàñïðîñòðà-
íåíèÿ òóáåðêóëåçà îñòàåòñÿ îòñóòñòâèå �êîëè÷åñòâåííîé� ìîäåëè òó-
áåðêóëåçíûõ ïðîöåññîâ (èíôèöèðîâàíèÿ, ôîðìèðîâàíèÿ ëàòåíòíîé
èíôåêöèè, ðàçâèòèÿ è õîäà àêòèâíîé áîëåçíè) â ðàìêàõ îäíîãî îðãà-
íèçìà. Êàê ñëåäñòâèå, áîëüøèíñòâî àâòîðîâ ìàòåìàòè÷åñêèõ ìîäå-
ëåé îïèðàåòñÿ íà ïðåäïîëîæåíèÿ èëè íà ëèòåðàòóðíûå äàííûå ïðè
âûáîðå çíà÷åíèé ïàðàìåòðîâ ñâîèõ ìîäåëåé. Ê íàèáîëåå ïëîõî îïè-
ñàííûì ïðîöåññàì îòíîñÿòñÿ ïåðåäà÷à òóáåðêóëåçíîé èíôåêöèè è
ðàçâèòèå àêòèâíîé áîëåçíè.

Ñèòóàöèÿ äîïîëíèòåëüíî îñëîæíÿåòñÿ òåì, ÷òî âñå ñâÿçàííûå ñ
íèì ïðîöåññû èìåþò î÷åíü áîëüøóþ äëèòåëüíîñòü (ê ïðèìåðó, ñðåä-
íÿÿ äëèòåëüíîñòü áîëåçíè� íåñêîëüêî ëåò). Êðîìå òîãî, äëèòåëüíàÿ
ëàòåíòíàÿ ñòàäèÿ è íèçêàÿ äîëÿ çàáîëåâàþùèõ ñðåäè èíôèöèðîâàí-
íûõ âìåñòå ñ ïîæèçíåííûì õàðàêòåðîì èíôåêöèè ñèëüíî çàòðóä-
íÿþò íàáëþäåíèå ïðîöåññà èíôèöèðîâàíèÿ è ñóïåðèíôèöèðîâàíèÿ.
Â ðåçóëüòàòå ñáîð äàííûõ, îïèñûâàþùèõ ïðîöåññ ðàñïðîñòðàíåíèÿ
òóáåðêóëåçà â öåëîì ñòàíîâèòñÿ êðàéíå ñëîæíûì è äîðîãîñòîÿùèì.
Îäíèì èç ñïîñîáîâ ïðåîäîëåíèÿ ýòîé ïðîáëåìû ìîæåò ñòàòü äåòàëü-
íûé àíàëèç ñèñòåìàòè÷åñêè ñîáèðàåìûõ ïîïåðå÷íûõ äàííûõ è ïðî-
âåäåíèå äîïîëíèòåëüíûõ âûáîðî÷íûõ èññëåäîâàíèé.

ÊîíñòàíòèíÊîíñòàíòèíîâè÷Àâèëîâ,
Èíñòèòóò âû÷èñëèòåëüíîé ìàòåìàòèêè ÐÀÍ, Ìîñêâà, Ðîññèÿ,
e-mail: avilov@inm.ras.ru
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CT -íèëüïîòåíòíûå ãðóïïû

ÌèõàèëÃåîðãèåâè÷Àìàãëîáåëè

Áîëüøóþ ðîëü â òåîðèè ãðóïï ÿâëÿåòñÿ ïîíÿòèå CT -ãðóïïû.
Êëàññ CT -ãðóïï îïðåäåëÿåòñÿ ñëåäóþùåé óíèâåðñàëüíîé àêñèî-

ìîé:

CT : ∀x 6= 1, y, z [y, x] = 1 ∧ [z, y] = 1 7→ [y, z] = 1.

Ê ñîæàëåíèþ, ýòî ïîíÿòèå íå ðàáîòàåò â êëàññå íèëüïîòåíòíûõ
ãðóïï, òàê êàê öåíòðàëèçàòîð ëþáîãî íååäèíè÷íîãî öåíòðàëüíîãî
ýëåìåíòà â ëþáîé íåàáåëåâîé íèëüïîòåíòíîé ãðóïïå íå ÿâëÿåòñÿ àáå-
ëåâûì. Èìåÿ ââèäó ïðèëîæåíèå ê íèëüïîòåíòíûì ãðóïïàì ââîäèòñÿ
íîâîå ïîíÿòèå:

Îïðåäåëåíèå. Ãðóïïà G íàçûâàåòñÿ CT1-ãðóïïîé, åñëè äëÿ
ëþáîãî íåöåíòðàëüíîãî ýëåìåíòà x, öåíòðàëèçàòîð C(x) ÿâëÿåòñÿ
àáåëåëåâîé ïîäãðóïïîé â G. Ýòî âûñêàçûâàíèå ìîæíî çàïèñàòü â
âèäå óíèâåðñàëüíîé ôîðìóëû:

CT1 : ∀x, y, z, t {[x, t] 6= 1 ∧ [x, y] = 1 ∧ [x, z] = 1 7→ [y, z] = 1}.

Â äîêëàäå áóäóò ïðåäñòàâëåíû îñíîâíûå ñâîéñòâà êëàññà CT1-
íèëüïîòåíòíûõ ãðóïï, à òàêæå ïðèëîæåíèÿ ýòèõ ðåçóëüòàòîâ ê ïðî-
áëåìå îïèñàíèÿ íåïðèâîäèìûõ êîîðäèíàòíûõ ãðóïï äëÿ äâóñòóïåííî
íèëüïîòåíòíûõ Q-ãðóïï.

ÌèõàèëÃåîðãèåâè÷Àìàãëîáåëè,
Òáèëèññêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Òáèëèñè, Ãðóçèÿ
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Σ0-âû÷èñëèìîñòü è îïðåäåëèìîñòü íàä àëãåáðàè÷åñêèìè

ñèñòåìàìè

ÈãîðüÂèêòîðîâè÷Àøàåâ

Ðàññìàòðèâàåòñÿ âû÷èñëèìîñòü íàä àëãåáðàè÷åñêèìè ñèñòåìàìè
ñ ïîìîùüþ ìàøèí â ñïèñî÷íîé íàäñòðîéêå [1]. Ýòî îáîáùåíèå ïî-
íÿòèÿ âû÷èñëèìîñòè â âåùåñòâåííûõ ÷èñëàõ èç ðàáîòû [2]. Ñóùå-
ñòâóþò òàêæå íåìàøèííûå ïîäõîäû ê îïðåäåëåíèþ âû÷èñëèìîñòè
â ïðîèçâîëüíûõ àëãåáðàè÷åñêèõ ñèñòåìàõ, â ÷àñòíîñòè, òàêîâûì ÿâ-
ëÿåòñÿ Σ-âû÷èñëèìîñòü èç [3]. Öåëü ðàáîòû� ïîêàçàòü, ÷òî êëàññ
ôóíêöèé, âû÷èñëèìûõ ïîñðåäñòâîì ìàøèí â ñïèñî÷íîé íàäñòðîéêå,
ìîæåò áûòü çàäàí àíàëîãè÷íî Σ-âû÷èñëèìîñòè êàê êëàññ ôóíêöèé,
îïðåäåëèìûõ â ñèñòåìå ôîðìóëàìè ñïåöèàëüíîãî âèäà.

Ïóñòü A = 〈A;σ〉� àëãåáðàè÷åñêàÿ ñèñòåìà ñ îñíîâíûì ìíîæå-
ñòâîìA è ñèãíàòóðîé σ. Σ0-ôîðìóëîé ñèãíàòóðû σ íàçîâ¼ì ôîðìóëó,
ïîñòðîåííóþ èç áåñêâàíòîðíûõ ôîðìóë ëîãèêè ïðåäèêàòîâ ïåðâîãî
ïîðÿäêà ñ ïîìîùüþ êîíúþíêöèé, äèçúþíêöèé, à òàêæå äèçúþíêöèé
áåñêîíå÷íûõ ìíîæåñòâ óæå ïîñòðîåííûõ ôîðìóë, èìåþùèõ ðåêóð-
ñèâíî ïåðå÷èñëèìîå ìíîæåñòâî íîìåðîâ.

Σ0-ôîðìóëó íàçîâ¼ì ôóíêöèîíàëüíîé, åñëè ýòî äèçúþíêöèÿ (âîç-
ìîæíî, áåñêîíå÷íàÿ), â êîòîðîé êàæäîå ñëàãàåìîå èìååò âèä

ϕ1(x) ∧ . . . ∧ ϕk(x) ∧ y = t(x), x = x1, . . . , xn,

ãäå ϕi� áåñêâàíòîðíûå ôîðìóëû, t� òåðì ñèãíàòóðû σ, ïðè÷¼ì ðàç-
íûå ñëàãàåìûå äèçúþíêöèè ñîäåðæàò êîíòðàðíóþ ïàðó ϕi è ¬ϕi.

Òåîðåìà 1. Ôóíêöèÿ f : An → A âû÷èñëèìà â ñèñòåìå A ⇐⇒
f îïðåäåëèìà â A ôóíêöèîíàëüíîé Σ0-ôîðìóëîé.

Èñïîëüçóÿ Σ0-ôîðìóëû, ìîæíî ðàçâèòü ïîíÿòèå Σ0-îïðåäåëèìîñòè
àëãåáðàè÷åñêèõ ñèñòåì, àíàëîãè÷íóþ ðàáîòå [3]. Òàêàÿ îïðåäåëèìîñòü
áóäåò ñîõðàíÿòü êëàññû ôóíêöèé, âû÷èñëèìûõ ñ ïîìîùüþ ìàøèí â
ñìûñëå ðàáîòû [1].

Òåîðåìà 2. Ïóñòü àëãåáðàè÷åñêàÿ ñèñòåìà A Σ0-îïðåäåëèìà â
ñèñòåìå B. Òîãäà ñóùåñòâóåò òðàíñëÿöèÿ ρ òàêàÿ, ÷òî äëÿ ëþáîé
ôóíêöèè f : An → A, âû÷èñëèìîé â A, ôóíêöèÿ ρ(f) âû÷èñëèìà â
ñèñòåìåB.

Ëèòåðàòóðà
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Î ñèñòåìàõ óðàâíåíèé ñ ãàðìîíè÷åñêèìè ìíîãî÷ëåíàìè

ÂèêòîðÌàòâååâè÷Ãè÷åâ

Îáîçíà÷èì ÷åðåç Hnm ìíîæåñòâî âñåõ âåùåñòâåííûõ ãàðìîíè÷å-
ñêèõ (ò.å. óäîâëåòâîðÿþùèõ óðàâíåíèþ Ëàïëàñà ∆u = 0) îäíîðîä-
íûõ ïîëèíîìîâ ñòåïåíè n íà Rm+1. Ýòî èíâàðèàíòíîå íåïðèâîäèìîå
ïðîñòðàíñòâî ãðóïïû SO(m + 1), êàæäàÿ ôóíêöèÿ u ∈ Hnm îäíî-
çíà÷íî îïðåäåëÿåòñÿ ñâîèìè çíà÷åíèÿìè íà åäèíè÷íîé ñôåðå Sm−1

â Rm, à ñóæåíèå u
∣∣
Sm−1 ÿâëÿåòñÿ ñîáñòâåííîé ôóíêöèåé îïåðàòî-

ðà Ëàïëàñà�Áåëüòðàìè, îòâå÷àþùåé ñîáñòâåííîìó çíà÷åíèþ λn =
n(n+m− 2). Â ðàáîòå [3] áûëî äîêàçàíî, ÷òî äâå ñîáñòâåííûå ôóíê-
öèè îïåðàòîðà Ëàïëàñà�Áåëüòðàìè, ñîîòâåòñòâóþùèå îäíîìó è òîìó
æå ñîáñòâåííîìó ÷èñëó λ 6= 0, íà êîìïàêòíîì ìíîãîîáðàçèè ñ òðèâè-
àëüíûìè ïåðâûìè êîãîìîëîãèÿìè äå Ðàìà èìåþò îáùèé íóëü. Âîç-
íèêàåò âîïðîñ: íàñêîëüêî ìàññèâíûì ìîæåò áûòü ìíîæåñòâî îáùèõ
íóëåé íåñêîëüêèõ ñîáñòâåííûõ ôóíêöèé? Ñôîðìóëèðóåì ÷óòü áîëåå
îáùèé âîïðîñ, îòíîñÿùèéñÿ ê ñôåðàì: íàñêîëüêî áîëüøèì ìîæåò
áûòü ìíîæåñòâî ðåøåíèé ñèñòåìû óðàâíåíèé uj(x) = 0, j = 1, . . . , k,
ãäå uj ∈ H

nj
m ? Åñòåñòâåííûì èçìåðèòåëåì ìàññèâíîñòè ÿâëÿåòñÿ ìå-

ðà Õàóñäîðôà ðàçìåðíîñòè m − k, ïðè m = k ñîâïàäàþùàÿ ñ êîëè-
÷åñòâîì òî÷åê â ìíîæåñòâå. Â ðàáîòå [5] ïîëó÷åíû îöåíêè ñâåðõó è
ñíèçó è íàéäåíû ñðåäíèå çíà÷åíèÿ ìåð Õàóñäîðôà ìíîæåñòâ ðåøå-
íèé äëÿ ñôåð. Íàïðèìåð, ïðè m = 2, n1 = n2 = n, òî÷íàÿ îöåíêà
ñâåðõó äëÿ êîëè÷åñòâà òî÷åê â ìíîæåñòâå îáùèõ íóëåé äâóõ ïîëèíî-
ìîâ ïðè óñëîâèè åãî êîíå÷íîñòè ðàâíà 2n2, äîêàçàííîé îöåíêè ñíèçó
íåò (íî åñòü ýìèðè÷åñêàÿ îöåíêà 2n), à ñðåäíåå êîëè÷åñòâî îáùèõ
íóëåé ðàâíî n(n+ 1). Ðåçóëüòàò î ñðåäíèõ çíà÷åíèÿõ ïîäòâåðæäàåò
ïðåäïîëîæåíèå Ë.Ïîëòåðîâè÷à î òîì, ÷òî îíè ïîä÷èíÿþòñÿ íåêîòî-
ðîé �òåîðåìå Áåçó â ñðåäíåì�. Êðîìå òîãî, ñðåäíèå ìîæíî âû÷èñ-
ëèòü â ñëó÷àå, êîãäà â ïðàâûõ ÷àñòÿõ íå íóëè, à ïðîèçâîëüíûå âå-
ùåñòâåííûå ÷èñëà (ïðè ýòîì íàäî íîðìèðîâàòü ôóíêöèè), äëÿ áîëåå
øèðîêîãî, ÷åì ñôåðû, êëàññà èçîòðîïíî íåïðèâîäèìûõ îäíîðîäíûõ
ïðîñòðàíñòâ, à òàêæå äëÿ íàáîðîâ êîíå÷íûõ ñóìì ïðîñòðàíñòâ Hnm.

Ñòîèò îòìåòèòü, ÷òî äëÿ k = 1 èìååòñÿ ãèïîòåçà ßó, ñîãëàñíî
êîòîðîé ìåðà Õàóñäîðôà ìíîæåñòâà îáùèõ íóëåé îöåíèâàåòñÿ ñíèçó
è ñâåðõó êàê C

√
λ, ãäå C� êîíñòàíòà, çàâèñÿùàÿ ëèøü îò ãåîìåò-

ðèè ìíîãîîáðàçèÿ, λ� ñîáñòâåííîå ÷èñëî. Îíà äîêàçàíà â ñòàòüå [1]
äëÿ âåùåñòâåííî-àíàëèòè÷åñêèõ ìíîãîîáðàçèé; äëÿ ñôåð ìîæíî ïî-
ëó÷èòü òî÷íûå îöåíêè ñâåðõó (íî íå ñíèçó).

Â ðàáîòå [4] áûëî ââåäåíî ñâîéñòâî ðàçäåëåíèÿ, â íåêîòîðîì ñìûñ-
ëå èçìåðÿþùåå ìàññèâíîñòü ïîäìíîæåñòâ ëèíåéíîãî ïðîñòðàíñòâà:
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X îáëàäàåò èì, åñëè X ∩H ëèíåéíî ïîðîæäàåò H äëÿ ëþáîé ãèïåð-
ïëîñêîñòè H. Èç îäíîãî óòâåðæäåíèÿ ðàáîòû [5] ñëåäóåò âûïîëíåíèå
ýòîãî ñâîéñòâà äëÿ îðáèò âåùåñòâåííûõ íåïðèâîäèìûõ ïðåäñòàâëå-
íèé ñâÿçíûõ êîìïàêòíûõ ãðóïï (â ñòàòüå [4] ðàññìàòðèâàëñÿ ñëó÷àé
àëãåáàè÷åñêè çàìêíóòîãî ïîëÿ è àëãåáðàè÷åñêîé ãðóïïû). Äëÿ êîì-
ïëåêñíûõ íåïðèâîäèìûõ ïðåäñòàâëåíèé ñâÿçíûõ êîìïàêòíûõ ãðóïï
ìîæíî äîêàçàòü ñëåäóþùåå: ëþáàÿ îðáèòà ïåðåñåêàåò ëþáóþ íàïå-
ðåä çàäàííóþ ãèïåðïëîñêîñòü. Ýòî äàåò îòâåò íà âîïðîñ, çàäàííûé
â [2].
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Îïèñàíèå ïîëíûõ òåîðèé ìèíèìàêñíûõ ñèñòåì,

ÞðèéÑåðãååâè÷Äâîðæåöêèé

Ìíîãèå ðåçóëüòàòû â âûïóêëîì ïðîãðàììèðîâàíèè, â ðàçäåëàõ
ìàòåìàòè÷åñêîãî àíàëèçà, ñâÿçàííûõ ñ òåîðåìàìè î äåëèìîñòè, îñ-
íîâàíû íà ñâîéñòâàõ äâóõ ôóíêöèé� ìèíèìóìà è ìàêñèìóìà.

Â íàñòîÿùåì äîêëàäå ìû ïðåäëàãàåì äâà ïîäõîäà äëÿ ôîðìàëè-
çàöèè äîêàçàòåëüñòâ ñîîòâåòñòâóþùèõ ðåçóëüòàòîâ íà ÿçûêå òåîðèè
ìîäåëåé.

Äëÿ ïðîâåäåíèÿ äîêàçàòåëüñòâ íàì íåîáõîäèìî çàäàòü íàáîð àê-
ñèîì A, êîòîðûì óäîâëåòâîðÿþò ôóíêöèè ìèíèìóìà max èëè ìàê-
ñèìóìà min. Ìû ðàññìàòðèâàåì øèðîêèé êëàññ àëãåáðàè÷åñêèõ ñè-
ñòåì, íà êîòîðûõ èíòåðïðåòèðóåòñÿ ôóíêöèè max èëè min è ñïðàâåä-
ëèâû àêñèîìû èç ìíîæåñòâà A. Â êà÷åñòâå îñíîâíîãî ÿçûêà ìû ðàñ-
ñìàòðèâàåì ÿçûê L = 〈max〉, ñîñòîÿùèé èç îäíîé áèíàðíîé îïåðàöèè
(íå èìååò ïðèíöèïèàëüíîãî çíà÷åíèÿ, ìèíèìóìîì èëè ìàêñèìóìîì
èíòåðïðåòèðóåòñÿ ñèìâîë max).

Íàøåé çàäà÷åé ÿâëÿåòñÿ îïèñàíèå ïîëíûõ òåîðèé ÿçûêà L, âêëþ-
÷àþùèõ â ñåáÿ âñå ïðåäëîæåíèÿ èç íàáîðà àêñèîì A.

Â êà÷åñòâå àêñèîì A ìû ðàññìàòðèâàåì äâà íàáîðà, ïðèâåä¼ííûõ
íèæå.

Ñèñòåìà àêñèîì A1:

∀ x, y max(x, y) = max(y, x),

∀ x, y max(x, y) = x ∨max(x, y) = y,

∀ x, y, z max(x,max(y, z)) = max(max(x, y), z).

Ñèñòåìà àêñèîì A2:

∀ x, y max(x, y) = max(y, x),

∀ x, y max(x, y) = x ∨max(x, y) = y.

Ðåçóëüòàòàì, ïîëó÷åííûì ïðè îïèñàíèè ïîëíûõ òåîðèé ÿçûêà L,
ñîäåðæàùèì â ñåáå A1 èëè A2, áóäåò ïîñâÿù¼í äîêëàä.
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Àöèêëè÷åñêèå ñõåìû áàç äàííûõ

ÑåðãåéÂëàäèìèðîâè÷Çûêèí

Ñâîéñòâî àöèêëè÷íîñòè ñõåì áàç äàííûõ äîñòàòî÷íî ïîëíî èññëå-
äîâàíî â ðàáîòàõ [1,2]. Ýòî ñâîéñòâî èñïîëüçóåòñÿ ïðè ëîãè÷åñêîé
îïòèìèçàöèè çàïðîñîâ ê áàçå äàííûõ [2,3]. Â ðàáîòå [4] ñâîéñòâî
àöèêëè÷íîñòè ñõåìû èñïîëüçóåòñÿ äëÿ àâòîìàòèçàöèè ôîðìèðîâà-
íèÿ ìíîãîìåðíûõ ïðåäñòàâëåíèé äàííûõ. Â äàííîé ðàáîòå ïðåäëà-
ãàåòñÿ ê ðàññìîòðåíèþ îáîáùåíèå íà ñëó÷àé, êîãäà îòíîøåíèÿ áàçû
äàííûõ ìîãóò èìåòü íåñêîëüêî ïåðâè÷íûõ êëþ÷åé.

Ïóñòü çàäàíà ñîâîêóïíîñòü âñåõ îòíîøåíèé ðåëÿöèîííîé ÁÄ: R =
{R1, R2, . . . , Rq} -� ðåçóëüòàò äåêîìïîçèöèè ïðè íîðìàëèçàöèè îò-
íîøåíèé, äëÿ êîòîðîé îòñóòñòâóþò i è j òàêèå, ÷òî [Ri] ⊆ [Rj ]
ïðè i 6= j, ãäå [Ri] -� ñîâîêóïíîñòü àòðèáóòîâ (ñõåìà îòíîøåíèÿ).
U = {A1, A2, . . . , An} �� ìíîæåñòâî âñåõ àòðèáóòîâ, íà êîòîðûõ çà-
äàíû îòíîøåíèÿ èç ñîâîêóïíîñòè R.

Îïðåäåëåíèå 1. Ïóñòü Ri[A1, . . . , Am] è Rj [B1, . . . , Bp] -� ñõå-
ìû îòíîøåíèé (íå îáÿçàòåëüíî ðàçëè÷íûå), V ⊆ {A1, . . . , Am} è
W ⊆ {B1, . . . , Bp}, |V | = |W |, òîãäà îáúåêò Ri[V ] ⊆ Rj [W ] íàçûâà-
åòñÿ çàâèñèìîñòüþ âêëþ÷åíèÿ.

Â îïðåäåëåíèè |V| �� ìîùíîñòü ìíîæåñòâà V, âûðàæåíèåRi[V ] ⊆ Rj [W ]
-� ïîäðàçóìåâàåò, ÷òî êîðòåæè Ri[V ] ñîäåðæàòñÿ â Rj [V ]. Äàëåå áó-
äåì ïðåäïîëàãàòü, ÷òî óñëîâèå V = W ÿâëÿåòñÿ íåîáõîäèìûì äëÿ
óñòàíîâëåíèÿ ñâÿçè. Òàêîé âèä çàâèñèìîñòåé âêëþ÷åíèÿ íàçûâàåòñÿ
òèïèçèðîâàííûìè [5,6].

Ââåä¼ì îáîçíà÷åíèÿ: PK(Ri) èëè ïðîñòî PK(i) �� ìíîæåñòâî àò-
ðèáóòîâ, ÿâëÿþùèõñÿ ïåðâè÷íûì êëþ÷îì â îòíîøåíèèRi. Â îòíîøå-
íèè Ri ìîæåò ñóùåñòâîâàòü íåñêîëüêî àëüòåðíàòèâíûõ ïåðâè÷íûõ
êëþ÷åé; L1(i, j) -� ñâÿçü 1:1 îò Ri ê Rj , ãäå Ri ãëàâíîå îòíîøåíèå;
LM (i, j) �� ñâÿçü 1:M îò Ri ê Rj , ãäå Ri ãëàâíîå îòíîøåíèå; L(i, j)
�- ñâÿçü 1:1 ëèáî 1:M îò Ri ê Rj , ãäå Ri� ãëàâíîå îòíîøåíèå.

Îïðåäåëåíèå 2. Ìåæäó îòíîøåíèÿìè Ri è Rj ñóùåñòâóåò ñâÿçü
L1(i, j), åñëè PK(Ri) = PK(Rj) è äëÿ ëþáûõ ðåàëèçàöèé Ri è Rj ,
âûïîëíåíî Rj [X] ⊆ Ri[X], ãäå X = Ri ∩Rj .

Îïðåäåëåíèå 3. Ìåæäó îòíîøåíèÿìè Ri è Rj ñóùåñòâóåò ñâÿçü
LM (i, j), åñëè PK(Ri) 6= PK(Rj) è PK(Ri) ⊆ Rj .

Îïðåäåëåíèå 4. Ñîâîêóïíîñòü îòíîøåíèé R áóäåì íàçûâàòü
àöèêëè÷åñêîé, åñëè íå ñóùåñòâóåò óïîðÿäî÷åííîå ïîäìíîæåñòâî îò-
íîøåíèé

{Rm(1), Rm(2), . . . , Rm(s)}



34

òàêîå, ÷òî âûïîëíåíî:

L(m(1),m(2)), L(m(2),m(3)), . . . , L(m(s− 1),m(s)), L(m(s),m(1)),

s > 1, â ïðîòèâíîì ñëó÷àå ñîâîêóïíîñòü îòíîøåíèé R áóäåì íàçû-
âàòü öèêëè÷åñêîé.

Òåîðåìà 1. Åñëè ñîâîêóïíîñòü R öèêëè÷åñêàÿ, òî àññîöèèðîâàí-
íûé ñ íåé ãèïåðãðàô òàêæå áóäåò öèêëè÷åñêèì (îáðàòíîå íå âåðíî).

Îïðåäåëåíèå 5. Ñâÿçü L(i, j) ÿâëÿåòñÿ èçáûòî÷íîé, åñëè çàäà-
âàåìûå åþ îãðàíè÷åíèÿ íà çíà÷åíèÿ àòðèáóòîâ ñîäåðæàòñÿ â äðóãèõ
ñâÿçÿõ.

Òåîðåìà 2. Ñâÿçü L(i, j) ÿâëÿåòñÿ èçáûòî÷íîé, åñëè ñóùåñòâóþò
ñâÿçè:

L(i,m(1)), L(m(1),m(2)), . . . , L(m(p− 1),m(p)), L(m(p), j)

è
PK(i) ⊆ Rm(s), s = 2, 3, . . . , p,

ãäå m -� ìàññèâ íîìåðîâ îòíîøåíèé.
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Âåðõíèå îöåíêè ñðåäíåãî âðåìåíè âûðîæäåíèÿ

ïîïóëÿöèè

ñ ïîñòîÿííîé ïîòåíöèàëüíîé ¼ìêîñòüþ ñðåäû

ÑåðãåéÀëåêñàíäðîâè÷Êëîêîâ

Ïóñòü K > 0� ïîòåíöèàëüíàÿ ¼ìêîñòü áèîëîãè÷åñêîé ñèñòåìû ñ
íåïåðåêðûâàþùèìèñÿ ïîêîëåíèÿìè è èíäèâèäóóìàìè îäíîãî òèïà.
Äëÿ îòäåëüíîãî èíäèâèäóóìà ðàñïðåäåëåíèå ïîòîìñòâà çàâèñèò îò
òåêóùåãî ðàçìåðà ïîïóëÿöèè ñëåäóþùèì îáðàçîì. Åñëè â òåêóùåì
ïîêîëåíèè èìååòñÿ k èíäèâèäóóìîâ, òî êàæäûé èç íèõ ïðîèçâîäèò
ñëó÷àéíîå ÷èñëî ïîòîìêîâ, èìåþùåå ðàñïðåäåëåíèå Ïóàññîíà ñ ïà-
ðàìåòðîì 2

1+(k/K) íåçàâèñèìî îò îñòàëüíûõ. Åñëè ðàçìåð ïîïóëÿöèè
ìåíüøå (áîëüøå) K, òî â ñðåäíåì ïðîèçâîäèòñÿ áîëüøå (ìåíüøå)
îäíîãî ïîòîìêà, ïîýòîìó äèíàìèêà ïîïóëÿöèè îïèñûâàåòñÿ íàäêðè-
òè÷åñêèì/äîêðèòè÷åñêèì âåòâÿùèìñÿ ïðîöåññîì. Â íà÷àëå ðàçìåð
ïîïóëÿöèè âåñüìà áûñòðî ïðèáëèæàåòñÿ ê óðîâíþ K è çàòåì, ïîñëå
âåñüìà ïðîäîëæèòåëüíûõ îñöèëëÿöèé îêîëî ýòîãî óðîâíÿ, âûðîæäà-
åòñÿ.

Ïóñòü Xn� ðàçìåð ïîïóëÿöèè â n-ì ïîêîëåíèè. Ïîñëåäîâàòåëü-
íîñòü ñëó÷àéíûõ âåëè÷èí (Xn) åñòü îäíîðîäíàÿ öåïü Ìàðêîâà ñ ïðî-
ñòðàíñòâîì ñîñòîÿíèé Z+. Ñîñòîÿíèå 0 ÿâëÿåòñÿ ïîãëîùàþøèì è
infk>0 pk,0 = e−2K > 0, òàê ÷òî ëþáàÿ ïîïóëÿöèÿ âûðîæäàåòñÿ ñ âå-
ðîÿòíîñòüþ1. Ïóñòü τk� ñëó÷àéíîå âðåìÿ äî âûðîæäåíèÿ ïîïóëÿ-
öèè, èìåâøåé â ñàìîì íà÷àëå ðàçìåð k. Âåðîÿòíîñòü âûðîæäåíèÿ çà
åäèíèöó âðåìåíè ñîñòàâëÿåò íå ìåíåå e−2K è ñðàâíåíèå ñ ãåîìåòðè-
÷åñêèì ðàñïðåäåëåíèåì ñ ïàðàìåòðîì p = e−2K äà¼ò ãðóáóþ îöåíêó
ñðåäíåãî âðåìåíè âûðîæäåíèÿ:

Eτk ≤
1

infk>0 pk,0
= e2K . (1)

Èíòåðåñíî ïîëó÷åíèå áîëåå ðåàëèñòè÷íûõ îöåíîê äëÿ Eτk. Íàìè ïî-
êàçàíî, ÷òî ñïðàâåäëèâà âåðõíÿÿ îöåíêà âèäà supk Eτk ≤ CecK , ãäå
ïîêàçàòåëü ñóáýêñïîíåíòû c = 0.707.

Òåîðåìà. Ïóñòü K ≥ 9� ïîòåíöèàëüíàÿ ¼ìêîñòü áèîëîãè÷å-
ñêîé ñðåäû. Åñëè ðàçìåð ïîïóëÿöèè ðàâåí k, òî êàæäûé èíäèâèäóóì
ïðîèçâîäèò ïóàññîíîâñêîå ÷èñëî ïîòîìêîâ ñ ïàðàìåòðîì 2

1+(k/K) è

ïîòîì ïîãèáàåò. Ïóñòü [x] îáîçíà÷àåò öåëóþ ÷àñòü ÷èñëàx, α =
[0.4974·K]

K , β = [0.2899·αK]
αK ,

g(α, β) = 1− α+ α lnα+
2α

1 + α
− αβ − αβ ln

2
(1 + α)β

+
2αβ

1 + αβ
, (2)
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è m òàêîå öåëîå ÷èñëî, ÷òî âûïîëíåíî íåðàâåíñòâî

log2(1 +
√
K) + 3 ≤ m < log2(1 +

√
K) + 4. (3)

Òîãäà äëÿ âðåìåíè âûðîæäåíèÿ τk ïîïóëÿöèè íà÷àëüíîãî ðàçìåðà k
âûïîëíåíà ñëåäóþùàÿ îöåíêà:

sup
k∈N

Eτk ≤ 103(1− α)(2− (1 + α)β)α
√
βK(m+ 1)2.5m−3eg(α,β)K . (4)

Ðàáîòà ïîääåðæàíà ãðàíòàìè ÐÔÔÈ 06�01�00127, 09�01�00105, è
ãðàíòîì ÍØ�3695.2008.1 ôîíäà ïðåçèäåíòà Ðîññèéñêîé Ôåäåðàöèè.

ÑåðãåéÀëåêñàíäðîâè÷Êëîêîâ,
Îìñêèé ôèëèàë Èíñòèòóòà ìàòåìàòèêè ÑÎÐÀÍ, Îìñê, Ðîññèÿ,
e-mail: s-klokov@yandex.ru



38

Ñðàâíåíèå êëàññîâ í¼òåðîâûõ ïî óðàâíåíèÿì,

ñëàáî í¼òåðîâûõ ïî óðàâíåíèÿì

è qω-êîìïàêòíûõ àëãåáðàè÷åñêèõ ñèñòåì

ÌàòâåéÂëàäèìèðîâè÷Êîòîâ

Â ðàáîòàõ Ý. Þ. Äàíèÿðîâîé, À. Ã. Ìÿñíèêîâà, Â. Í. Ðåìåñëåí-
íèêîâà ïî óíèâåðñàëüíîé àëãåáðàè÷åñêîé ãåîìåòðèè ââåäåíû êëàñ-
ñû í¼òåðîâûõ ïî óðàâíåíèÿì, ñëàáî í¼òåðîâûõ ïî óðàâíåíèÿì è qω-
êîìïàêòíûõ àëãåáðàè÷åñêèõ ñèñòåì, îáîçíà÷àåìûå N, N′ è Q ñîîò-
âåòñòâåííî.

Ïóñòü L� ÿçûê áåç ïðåäèêàòíûõ ñèìâîëîâ; A� àëãåáðàè÷åñêàÿ
ñèñòåìà ÿçûêà L ñ íîñèòåëåì A; x, |x| = n, � íàáîð ïåðåìåííûõ. Ïîä
óðàâíåíèÿìè â ÿçûêå L îò ïåðåìåííûõ x ìû ïîíèìàåì àòîìàðíûå
ôîðìóëû ÿçûêà L îò ïåðåìåííûõ x. Ëþáîå ìíîæåñòâî óðàâíåíèé â
ÿçûêå L îò ïåðåìåííûõ x íàçûâàåòñÿ ñèñòåìîé óðàâíåíèé â ÿçûêå
L îò ïåðåìåííûõ x.

Íàáîð a ∈ An íàçûâàåòñÿ ðåøåíèåì ñèñòåìû óðàâíåíèé S(x) ÿçû-
êà L, åñëè ïðè èíòåðïðåòàöèè ïåðåìåííûõ x ýëåìåíòàìè èç a êàæäàÿ
ôîðìóëà èç S ïðèíèìàåò èñòèííîå çíà÷åíèå.

Ñèñòåìû óðàâíåíèé S1(x) è S2(x) ÿçûêà L íàçûâàþòñÿ ýêâèâà-
ëåíòíûìè íàä àëãåáðàè÷åñêîé ñèñòåìîé A, åñëè ìíîæåñòâà âñåõ ðå-
øåíèé èç An äëÿ ñèñòåì S1 è S2 ñîâïàäàþò. Óðàâíåíèå s(x) íàçûâà-
åòñÿ ñëåäñòâèåì ñèñòåìû S(x) íàä A, åñëè êàæäîå ðåøåíèå ñèñòåìû
S èç An ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ s.

Àëãåáðàè÷åñêàÿ ñèñòåìà A ÿçûêà L íàçûâàåòñÿ í¼òåðîâîé ïî
óðàâíåíèÿì, åñëè äëÿ ëþáîãî öåëîãî ïîëîæèòåëüíîãî ÷èñëà n è ëþ-
áîé ñèñòåìû óðàâíåíèé S(x) ÿçûêà L, |x| = n, íàéä¼òñÿ å¼ êîíå÷íàÿ
ïîäñèñòåìà S0, ýêâèâàëåíòíàÿ ñèñòåìå S íàä A.

Àëãåáðàè÷åñêàÿ ñèñòåìà A ÿçûêà L íàçûâàåòñÿ ñëàáî í¼òåðîâîé
ïî óðàâíåíèÿì, åñëè äëÿ ëþáîãî öåëîãî ïîëîæèòåëüíîãî ÷èñëà n è
ëþáîé ñèñòåìû óðàâíåíèé S(x) ÿçûêà L, |x| = n, íàéä¼òñÿ êîíå÷íàÿ
ñèñòåìà S0(x) ÿçûêà L, ýêâèâàëåíòíàÿ ñèñòåìå S íàä A.

Àëãåáðàè÷åñêàÿ ñèñòåìà A ÿçûêà L íàçûâàåòñÿ qω-êîìïàêòíîé,
åñëè äëÿ ëþáîãî öåëîãî ïîëîæèòåëüíîãî ÷èñëà n, ëþáîé ñèñòåìû
óðàâíåíèé S(x) ÿçûêà L, |x| = n, è ëþáîãî ñëåäñòâèÿ s ñèñòåìû S
íàä A íàéä¼òñÿ êîíå÷íàÿ ïîäñèñòåìà S0 ñèñòåìû S òàêàÿ, ÷òî s åñòü
ñëåäñòâèå ñèñòåìû S0 íàä A.

Èç îïðåäåëåíèé ñëåäóåò, ÷òî

N = N′ ∩Q.
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Ìû ñòðîèì ïðèìåðû àëãåáðàè÷åñêèõ ñèñòåì, êîòîðûå ïîêàçûâà-
þò, ÷òî

N  N′ è N  Q.

ÌàòâåéÂëàäèìèðîâè÷Êîòîâ,
Îìñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Îìñê, Ðîññèÿ,
e-mail: ilab24@yandex.ru
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Óñðåäíåííàÿ ôóíêöèÿ Äåíà îòíîñèòåëüíî çàäàííîé

âåðîÿòíîñòè

ÅêàòåðèíàÃåîðãèåâíàÊóêèíà

Ïóñòü X = {x1, . . . , xr}� êîíå÷íûé àëôàâèò. Îáîçíà÷èì ÷åðåç
Σ(X) ñâîáîäíûé ìîíîèä íà ìíîæåñòâåX∪X−1, ãäåX−1 =

{
x−1

1 , . . . , x−1
r

}
�

ìíîæåñòâî ôîðìàëüíî îáðàòíûõ ýëåìåíòîâ. Ýëåìåíòû ìîíîèäà Σ(X)
áóäåì íàçûâàòü ñëîâàìè. Îáîçíà÷èì ÷åðåç |w| äëèíó ñëîâà w. Ïîêà-
æåì, êàê â ñîîòâåòñòâèè ñ èäåÿìè ñòàòüè [2] ìîæíî ââåñòè íà ìîíîèäå
Σ(X) âåðîÿòíîñòíóþ ìåðó.

Îïðåäåëåíèå.Ôóíêöèþ γ : Σ(X)→ N áóäåì íàçûâàòü ñëîæíî-
ñòüþ, åñëè îíà èìååò êîíå÷íîå ñëîåíèå, ò.å. äëÿ âñåõ k âûïîëíåíî
óñëîâèå card Γk <∞, ãäå Γk = {w ∈ Σ(X) |γ(w) = k }.

Ïóñòü íà ìíîæåñòâå N ïîñòðîåíà íåêîòîðàÿ âåðîÿòíîñòü {pk = P{ξ = k}}.
Ýòî ïîçâîëÿåò îïðåäåëèòü âåðîÿòíîñòü íà ìîíîèäå Σ(X) ñëåäóþùèì
îáðàçîì:

∀w ∈ Γk p(w) = P{ξ = w} = πk =
pk

card Γk
, (1)

ò.å. P{ξ ∈ Γk} = pk, à âñå ýëåìåíòû ìíîæåñòâà Γk ðàâíîâåðîÿòíû.
ÏóñòüG� ïðîèçâîëüíàÿ êîíå÷íî-îïðåäåë¼ííàÿ ãðóïïà, ïðåäñòàâ-

ëåííàÿ êàê ôàêòîð-ãðóïïà F (X)/R ñâîáîäíîé ãðóïïû F (X) êîíå÷íî-
ãî ðàíãà r ñ ìíîæåñòâîì ñâîáîäíûõ ïîðîæäàþùèõ X ïî íîðìàëüíîé
ïîäãðóïïåR = ncl(r1, . . . , rm). Îáîçíà÷èì ÷åðåçP(G = 〈x1, . . . , xr |r1, . . . , rm 〉)
ñîîòâåòñòâóþùåå ïðåäñòàâëåíèå ãðóïïû G ñ ïîìîùüþ ïîðîæäàþùèõ
ýëåìåíòîâ è îïðåäåëÿþùèõ ñîîòíîøåíèé. Ëþáîå ñëîâî w ìîíîèäà
Σ(X) îäíîçíà÷íî îïðåäåëÿåò ýëåìåíò ãðóïïû F (X), à åñòåñòâåííûé
ãîìîìîðôèçì φ : F (X)→ G ïîçâîëÿåò ãîâîðèòü î çíà÷åíèè ñëîâà w
â ãðóïïå G. Â ÷àñòíîñòè, çàïèñü w =G v (w =F (X) v) ïîíèìàåòñÿ òàê,
÷òî çíà÷åíèÿ ñëîâ w è v â ãðóïïå G (èëè â F(X)) ñîâïàäàþò.

Çàìåòèì, ÷òî ðàâåíñòâî w =G 1 ýêâèâàëåíòíî òîìó, ÷òî ñóùå-
ñòâóåò çàïèñü âèäà

w =F (X) g1g2 . . . gs, (2)

ãäå gj = rfi

ji
äëÿ íåêîòîðîãî fj ∈ F (X), εj ∈ ±1, ij ∈ {1, . . . ,m}, j ∈

{1, . . . , s}. Êàê îáû÷íî, çàïèñü gf îçíà÷àåò ñîïðÿæåíèå f−1gf .
Îïðåäåëåíèå. Ïëîùàäüþ Sw ñëîâà w =G 1 îòíîñèòåëüíî ïðåä-

ñòàâëåíèÿ P(G) íàçûâàåòñÿ íàèìåíüøåå çíà÷åíèå s, äëÿ êîòîðîãî
ñóùåñòâóåò çàïèñü âèäà (2).

Ïëîùàäü ñëîâà w =F (X) 1 ïîëàãàåòñÿ ðàâíîé 0.
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Îïðåäåëèì ìíîæåñòâî Ωk =
{
w =G 1

∣∣|w| ≤ k} ñëîâ èç ìîíîèäà
Σ(X), çíà÷åíèÿ êîòîðûõ â ãðóïïå G ðàâíû 1, à äëèíà íå ïðåâîñõîäèò
ôèêñèðîâàííîãî ÷èñëà k.

Â ñòàòüå [1] Ì. Ãðîìîâ ââîäèò ñëåäóþùåå
Îïðåäåëåíèå.Óñðåäí¼ííîé ôóíêöèåé Äåíà ãðóïïû G îòíîñèòåëü-
íî ïðåäñòàâëåíèÿ P(G) íàçûâàåòñÿ ôóíêöèÿ

σ(k) =

∑
w∈Ωk

Sw

card Ωk
(3)

Óñðåäíåíèå ïðè îïðåäåëåíèè ôóíêöèè σ(k) ïðîèñõîäèò â ñîîò-
âåòñòâèè ñ ðàâíîìåðíîé âåðîÿòíîñòüþ íà ìíîæåñòâå Ωk. Ñóùåñòâóåò
äðóãàÿ âîçìîæíîñòü îïðåäåëåíèÿ óñðåäí¼ííîé ôóíêöèè. Íàïðèìåð,
ñ ó÷¼òîì ïîäõîäà èç ðàáîòû [2] óñðåäí¼ííàÿ ôóíêöèÿ Äåíà ìîæåò
áûòü îïðåäåëåíà â ñîîòâåòñòâèè ñî ñëîæíîñòüþ γ è ðàñïðåäåëåíèåì
{pk}.

Â ýòîì ñëó÷àå îïðåäåëèì ìíîæåñòâî Ω′k =
{
w =G 1

∣∣γ(w) ≤ k
}

ñëîâ èç ìîíîèäà Σ(X), çíà÷åíèÿ êîòîðûõ â ãðóïïå G ðàâíû 1, à
ñëîæíîñòü íå ïðåâîñõîäèò ôèêñèðîâàííîãî ÷èñëà k.

Îïðåäåëåíèå. Îòíîñèòåëüíîé óñðåäí¼ííîé ôóíêöèåé Äåíà ãðóï-
ïû G, îòâå÷àþùåé ïðåäñòàâëåíèþ P(G), ñëîæíîñòè γ(w) è âåðî-
ÿòíîñòè {pk}, íàçîâ¼ì ôóíêöèþ

ζγ,{pk}(k) = ζ(k) =

∑
w∈Ω′k

p(w)Sw
p(Ω′k)

. (4)

Êîððåêòíîñòü ïîñëåäíåãî îïðåäåëåíèÿ îáåñïå÷èâàåòñÿ ñëåäóþùèì
ñâîéñòâîì ðàñïðåäåëåíèÿ {pk}.

Îïðåäåëåíèå.Ðàñïðåäåëåíèå {pk} íàçîâ¼ì õîðîøèì, åñëè pk 6= 0
äëÿ âñåõ k.

Òîëüêî äëÿ õîðîøèõ ðàñïðåäåëåíèé âåðîÿòíîñòü ëþáîãî íåïóñòî-
ãî ïîäìíîæåñòâà Σ(X) íå ðàâíà 0. Ýòî îäíî èç òðåáîâàíèé, íàêëà-
äûâàåìûõ íà ðàñïðåäåëåíèÿ â ðàáîòå [2].

Îêàçûâàåòñÿ, ÷òî ïðè íåêîòîðûõ (íå ñëèøêîì æåñòêèõ) îãðà-
íè÷åíèÿõ íà ðàñïðåäåëåíèå {pk} è ñàìó ãðóïïó G, îòíîñèòåëüíàÿ
óñðåäíåííàÿ ôóíêöèÿ Äåíà ýòîé ãðóïïû îãðàíè÷åíà ñâåðõó êîíñòàí-
òîé. Êðîìå òîãî, îòíîñèòåëüíàÿ óñðåäíåííàÿ ôóíêöèÿ Äåíà äëÿ ïðî-
èçâîëüíîé ãðóïïû â ïðîèçâîëüíîì ïðåäñòàâëåíèè (çà èñêëþ÷åíèåì
ñâîáîäíîé ãðóïïû â åñòåñòâåííîì ïðåäñòàâëåíèè) îãðàíè÷åíà ñíèçó
ïîëîæèòåëüíîé êîíñòàíòîé. Â èñêëþ÷èòåëüíîì æå ñëó÷àå ñâîáîäíîé
ãðóïïû â åñòåñòâåííîì ïðåäñòàâëåíèè îòíîñèòåëüíàÿ óñðåäíåííàÿ
ôóíêöèÿ Äåíà òîæäåñòâåííî ðàâíà íóëþ.
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Ñòàòèñòè÷åñêîå ìîäåëèðîâàíèå äèíàìèêè

êîíêóðèðóþùèõ ïîïóëÿöèé

â óñëîâèÿõ âîçäåéñòâèÿ âðåäíûõ âåùåñòâ

ÊîíñòàíòèíÊîíñòàíòèíîâè÷Ëîãèíîâ

Ðàññìàòðèâàåòñÿ ñòîõàñòè÷åñêàÿ ìîäåëü äèíàìèêè êîíêóðèðóþ-
ùèõ ïîïóëÿöèé, îñîáè êîòîðûõ ïîäâåðæåíû âîçäåéñòâèþ âðåäíûõ
âåùåñòâ, ïîñòóïàþùèõ â ñîñòàâå ðåñóðñîâ ïèòàíèÿ. Äèíàìèêà ÷èñ-
ëåííîñòè ïîïóëÿöèé x(t) = (x1(t), . . . , xm(t)) îïèñûâàåòñÿ ñ ïîìîùüþ
íåîäíîðîäíîãî íåëèíåéíîãî ñëó÷àéíîãî ïðîöåññà ðîæäåíèÿ è ãèáåëè.
Èçìåíåíèå x(t) çàäà¼òñÿ ÷åðåç ðåêóððåíòíûå ñîîòíîøåíèÿ

tk = tk−1 + τk, x(tk) = x(tk−1) + ηk, k = 1, 2, . . . ,
t0 = 0, x(t0) = x(0).

(1)

Â ôîðìóëàõ (1) ñëó÷àéíûå âåëè÷èíû τk îçíà÷àþò ïðîäîëæèòåëü-
íîñòè ïåðèîäîâ âðåìåíè äî î÷åðåäíîãî èçìåíåíèÿ x(tk), à âåêòîðíûå
ñëó÷àéíûå âåëè÷èíû ηk îïèñûâàþò ïðèðàùåíèå x(tk−1). Çàêîíû ðàñ-
ïðåäåëåíèÿ âåëè÷èí {τk, ηk, k = 1, 2, . . . } âûâîäÿòñÿ èç ñîîòíîøåíèé,
îòðàæàþùèõ ïðîèçâîäñòâî ïîòîìñòâà è ãèáåëü îñîáåé âñëåäñòâèå ñà-
ìîëèìèòèðîâàíèÿ è êîíêóðåíöèè, à òàêæå íåîáðàòèìîãî âëèÿíèÿ íà
íèõ ïîòðåáëÿåìûõ âðåäíûõ âåùåñòâ.

Ïîñòóïëåíèå, ðàñïàä è ïîòðåáëåíèå âðåäíûõ âåùåñòâ çàäà¼òñÿ
ñ ïîìîùüþ äèôôåðåíöèàëüíûõ óðàâíåíèé, ïðàâûå ÷àñòè êîòîðûõ
ñîäåðæàò ñëó÷àéíóþ ñîñòàâëÿþùóþ x(t). Íà ïðîìåæóòêàõ âðåìåíè
t ∈ [tk−1, tk), k = 1, 2, . . . , êîëè÷åñòâî âðåäíûõ âåùåñòâ ci(t) èçìåíÿ-
åòñÿ ïî ñëåäóþùåìó çàêîíó

dci
dt

= ri(t)−θi(ci)
m∑
j=1

αij xj(tk−1)−δi ci, ci(tk−1) = c
(k−1)
i , 1 ≤ i ≤ m.

(2)
Â óðàâíåíèÿõ (2) ñëàãàåìûå θi(ci)

∑m
j=1 αij xj(tk−1) îïèñûâàþò

ñêîðîñòè ïîòðåáëåíèÿ îñîáÿìè âðåäíûõ âåùåñòâ i-ãî òèïà, âõîäÿùèõ
â ñîñòàâ ïèùåâûõ ðåñóðñîâ. Ñêîðîñòè ïîñòóïëåíèÿ âðåäíûõ âåùåñòâ
â ñðåäó îáèòàíèÿ îñîáåé ïðåäñòàâëåíû ôóíêöèÿìè ri(t), à ñêîðîñòè
èõ ðàñïàäà� ñëàãàåìûìè δi ci. Ïîä dci

dt ïîíèìàþòñÿ ïðàâîñòîðîííèå
ïðîèçâîäíûå, 1 ≤ i ≤ m.

Äëÿ ïðîâåäåíèÿ âû÷èñëèòåëüíûõ ýêñïåðèìåíòîâ ïðèìåíÿåòñÿ ìå-
òîä Ìîíòå-Êàðëî. Àëãîðèòìû ìîäåëèðîâàíèÿ ìîìåíòîâ {tk, k = 1, 2, . . . }
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è ïðàâèë èçìåíåíèÿ x(tk) (ôîðìóëû (1)) îïèðàþòñÿ íà ñõåìó, àíàëî-
ãè÷íóþ ñõåìå ìîäåëèðîâàíèÿ ñâîáîäíîãî ïðîáåãà íåéòðîíîâ â íåîä-
íîðîäíîé ñðåäå (¾ìåòîä ìàêñèìàëüíîãî ñå÷åíèÿ¿). Äëÿ ïîñòðîåíèÿ
ýêîíîìè÷íûõ àëãîðèòìîâ èñïîëüçóþòñÿ îöåíêè ñâåðõó íà ðåøåíèÿ
äèôôåðåíöèàëüíûõ óðàâíåíèé (2) è ôóíêöèé θi(ci), 1 ≤ i ≤ m. Óðàâ-
íåíèÿ (2) ðåøàþòñÿ ñ ïîìîùüþ ñòàíäàðòíûõ ÷èñëåííûõ ìåòîäîâ. Èñ-
ïîëüçóåìûå àëãîðèòìû äîïóñêàþò åñòåñòâåííîå ðàñïàðàëëåëèâàíèå
è óäîáíû äëÿ ðåàëèçàöèè íà ìíîãîïðîöåññîðíûõ ÝÂÌ.

Ïðåäñòàâëåíû ðåçóëüòàòû ìîäåëèðîâàíèÿ íàèáîëåå õàðàêòåðíûõ
ðåæèìîâ äèíàìèêè x(t), âêëþ÷àÿ ðåæèì âûðîæäåíèÿ ïîïóëÿöèé è
ðåæèì ïåðåõîäà ñ îäíîãî ñòàöèîíàðíîãî óðîâíÿ x(t) íà äðóãîé ïîä
âëèÿíèåì âûáðîñîâ âðåäíûõ âåùåñòâ.

ÊîíñòàíòèíÊîíñòàíòèíîâè÷Ëîãèíîâ,
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Îá îñíîâàíèÿõ àëãåáðàè÷åñêîé ãåîìåòðèè íàä

ïðîêîíå÷íûìè ãðóïïàìè

ÑâåòëàíàÃðèãîðüåâíàÌåëåøåâà

Â ðàáîòàõ [1, 2] èçëîæåíû îñíîâû àëãåáðàè÷åñêîé ãåîìåòðèè íàä
ãðóïïàìè è äðóãèìè àëãåáðàè÷åñêèìè ñèñòåìàìè. Ìû ðàññìàòðèâà-
åì ñëó÷àé ïðîêîíå÷íûõ ãðóïï, êîòîðûå ïî îïðåäåëåíèþ ÿâëÿþòñÿ
ïðîåêòèâíûìè ïðåäåëàìè êîíå÷íûõ ãðóïï ñ ñîîòâåòñòâóþùåé òîïî-
ëîãèåé. Íà ýòîò ñëó÷àé ñòàíäàðòíûå îïðåäåëåíèÿ áóêâàëüíî íå ïå-
ðåíîñÿòñÿ.

Äëÿ ïðîêîíå÷íûõ ãðóïï ââîäÿòñÿ ïîíÿòèÿ óðàâíåíèÿ, àëãåáðàè-
÷åñêîãî ìíîæåñòâà, òîïîëîãèè Çàðèññêîãî, êîîðäèíàòíîé ãðóïïû.

Àëãåáðàè÷åñêàÿ ãåîìåòðèÿ íàä (ïðîêîíå÷íîé) ãðóïïîé G ÿâëÿåò-
ñÿ äîñòàòî÷íî õîðîøåé ëèøü â òîì ñëó÷àå, åñëè ýòà ãðóïïà ÿâëÿëàñü
íåòåðîâîé ïî óðàâíåíèÿì, ò.å. äëÿ âñÿêîãî n ïðîèçâîëüíàÿ ñèñòåìà
óðàâíåíèé îò x1, . . . , xn íàä G äîëæíà áûòü ýêâèâàëåíòíà íåêîòîðîé
ñâîåé êîíå÷íîé ïîäñèñòåìå.

Ïóñòü ïðîêîíå÷íàÿ ãðóïïà G ÿâëÿåòñÿ îáðàòíûì ïðåäåëîì lim←−Gi
êîíå÷íûõ ãðóïï Gi. Îáîçíà÷èì ÷åðåç π(G) = ∪π(Gi) - ìíîæåñòâî
ïðîñòûõ äåëèòåëåé ïîðÿäêîâ ãðóïï Gi. Íàìè äîêàçàíû

Òåîðåìà 1. Åñëè ìíîæåñòâî π(G) áåñêîíå÷íî, òî ïðîêîíå÷íàÿ
ãðóïïà G íå íåòåðîâà ïî óðàâíåíèÿì îò îäíîé ïåðåìåííîé.

Òåîðåìà 2. Åñëè ïðîêîíå÷íàÿ ãðóïïà G àáåëåâà è ìíîæåñòâî
π(G) êîíå÷íî, òî ãðóïïà G íåòåðîâà ïî óðàâíåíèÿì.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÀÂÖÏ Ðîñîáðàçîâàíèÿ �Ðàçâè-
òèå íàó÷íîãî ïîòåíöèàëà âûñøåé øêîëû� (ïðîåêò 2.1.1.419).
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Ñðàâíåíèå ïîíÿòèé ãåîìåòðè÷åñêîé ýêâèâàëåíòíîñòè è

óíèâåðñàëüíîé ãåîìåòðè÷åñêîé ýêâèâàëåíòíîñòè â êëàññå

÷àñòè÷íî êîììóòàòèâíûõ äâóñòóïåííî íèëüïîòåíòíûõ

Q-ãðóïï

ÀëåêñåéÀëåêñàíäðîâè÷Ìèùåíêî

Äîêëàä ïîñâÿù¼í íåêîòîðûì ðåçóëüòàòàì îá àëãåáðàè÷åñêîé ãåî-
ìåòðèè íàä ÷àñòè÷íî êîììóòàòèâíûìè äâóõñòóïåííî íèëüïîòåíò-
íûìè Q-ãðóïïàìè. Ïî êîíå÷íîìó ïðîñòîìó ãðàôó Γ (áåç ïåòåëü è
êðàòíûõ ðåáåð, c ìíîæåñòâîì ð¼áåð E(Γ)) â ìíîãîîáðàçèè äâóñòó-
ïåííî íèëüïîòåíòíûõ Q-ãðóïï ñòðîèòñÿ ÷àñòè÷íî êîììóòàòèâíàÿ
ãðóïïà GΓ ñ ïîìîùüþ ïîðîæäàþùèõ è îïðåäåëÿþùèõ ñîîòíîøåíèé.
Ìíîæåñòâîì ïîðîæäàþùèõ áóäåò ìíîæåñòâî âåðøèí ãðàôà V (Γ) =
{a1, . . . , an}, à ìíîæåñòâîì îïðåäåëÿþùèõ ñîîòíîøåíèé ìíîæåñòâî
RΓ = {[ai, aj ] = 1| (ai, aj) ∈ E(Γ)}.

Îñíîâíûå ïîíÿòèÿ è îïðåäåëåíèÿ óíèâåðñàëüíîé àëãåáðàè÷åñêîé
ãåîìåòðèè íàä àëãåáðàè÷åñêèìè ñèñòåìàìè ìîæíî íàéòè â ñòàòüå [1].

Ïóñòü L = 〈∗,−1 ,=, 1〉 ãðóïïîâîé ÿçûê áåç êîíñòàíò. Äâå ãðóïïû
A è B íàçûâàþòñÿ ãåîìåòðè÷åñêè ýêâèâàëåíòíûìè â ÿçûêå L, åñëè
äëÿ ëþáîãî íàòóðàëüíîãî ÷èñëà n è äëÿ ëþáîé ñèñòåìû óðàâíåíèé
S îò n ïåðåìåííûõ èìååò ìåñòî ðàâåíñòâî ðàäèêàëîâ: RadA(S) =
RadB(S).

Òåîðåìà. Ïóñòü GΓ1 è GΓ2 � äâå íåàáåëåâûõ ÷àñòè÷íî êîììó-
òàòèâíûõ äâóõñòóïåííî íèëüïîòåíòíûõ Q-ãðóïïû. Òîãäà GΓ1 è
GΓ2 ãåîìåòðè÷åñêè ýêâèâàëåíòíû.

Åù¼ îäíèì âàæíûì ïîíÿòèåì ÿâëÿåòñÿ ïîíÿòèå óíèâåðñàëüíîé
ãåîìåòðè÷åñêîé ýêâèâàëåíòíîñòè. Äâå ãðóïïû A è B íàçûâàþòñÿ
óíèâåðñàëüíî ãåîìåòðè÷åñêè ýêâèâàëåíòíûìè â ÿçûêå L, åñëè äëÿ
ëþáîãî íàòóðàëüíîãî ÷èñëà n è äëÿ ëþáîé ñèñòåìû óðàâíåíèé S îò n
ïåðåìåííûõ èìååò ìåñòî ðàâåíñòâî ðàäèêàëîâ: RadA(S) = RadB(S),
è ðàäèêàë RadA(S) íåïðèâîäèì íàä A òîãäà è òîëüêî òîãäà, êîãäà
ðàäèêàë RadB(S) íåïðèâîäèì íàä B.

Òåîðåìà. Äâå ÷àñòè÷íî êîììóòàòèâíûå äâóõñòóïåííî íèëü-
ïîòåíòíûå Q-ãðóïïû GΓ1 è GΓ2 óíèâåðñàëüíî ãåîìåòðè÷åñêè ýêâè-
âàëåíòíû òîãäà è òîëüêî òîãäà, êîãäà Φ(GΓ1) = Φ(GΓ2).

Çäåñü ìíîæåñòâî Φ(GΓi
) îçíà÷àåò ìíîæåñòâî âñåõ ýêçèñòåíöèàëü-

íûõ ôîðìóë ñïåöèàëüíîãî âèäà φ(T ), âûïîëíåíûõ íà ãðóïïå GΓi
.

Ôîðìóëà φ(T ) ñòðîèòñÿ ïî êîíå÷íîìó ãðàôó T ñëåäóþùèì îáðà-
çîì: êàæäîé âåðøèíå ãðàôà T ñòàâèòñÿ â ñîîòâåòñòâèå îäíà èç áóêâ
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z1, . . . , zn ôîðìóëû φ(T ), ãäå |V (T )| = n. À ñàìà ôîðìóëà èìååò âèä:

φ(T ) = ∃z1 . . . zn(
∧

[zi, zj ] = 1∧
∧

[zk, zl] 6= 1∧
∧
i6=j

zi 6= zj ∧
∧
i

zi 6= 1),

ãäå [zi, zj ] = 1 òîãäà è òîëüêî òîãäà, êîãäà âåðøèíû, ñîîòâåòñòâóþ-
ùèå zi è zj â ãðàôå T , ñîåäèíåíû ðåáðîì, è [zk, zl] 6= 1 åñëè âåðøèíû,
ñîîòâåòñòâóþùèå zk è zl â ãðàôå T , íå ñîåäèíåíû ðåáðîì.

Â äîêëàäå òàêæå ïðèâîäèòñÿ ïðèìåð äâóõ ãðóïï, êîòîðûå ÿâëÿ-
þòñÿ ãåîìåòðè÷åñêè ýêâèâàëåíòíûìè, íî íå ÿâëÿþòñÿ óíèâåðñàëüíî
ãåîìåòðè÷åñêè ýêâèâàëåíòíûìè.
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Ñèëüíàÿ àëüòåðíàòèâà Òèòñà äëà ãðóïï Êîêñòåðà

ÃåííàäèéÀíäðååâè÷Íîñêîâ

Â äîêëàäå ïëàíèðóåòñÿ ðàññêàçàòü äîêàçàòåëüñòâî ñëåäóþùåãî
ðåçóëüòàòà: Òåîðåìà. Âñÿêàÿ ïîäãðóïïà ãðóïïû Êîñòåðà êîíå÷íî-
ãî ðàíãà ÿâëÿåòñÿ ëèáî êîíå÷íûì ðàñøèðåíèåì ñâîáîäíîé àáåëåâîé
ãðóïïû ëèáî ñîäåðæèò ïîäãðóïïó êîíå÷íîãî èíäåêñà äîïóñêàþùóþ
ýïèìîðôèçì íà ñâîáîäíóþ íåàáåëåâó ãðóïïó.
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Ðåãèîíàëüíûé èíäåêñ ðèñêà èíôèöèðîâàíèÿ ÂÈ× íà

îñíîâå ôàêòîðîâ ñîöèàëüíîé äåçàäàïòàöèè

ÅêàòåðèíàÀëåêñàíäðîâíàÍîñîâà

Â ðàáîòå ïîñòðîåí èíäåêñ ðèñêà èíôèöèðîâàíèÿ ÂÈ×, ïîçâîëÿ-
þùèé îöåíèâàòü îæèäàåìûé óðîâåíü íîâûõ ñëó÷àåâ çàðàæåíèÿ, ïî
äàííûì îá óðîâíå ñîöèàëüíîé äåçàäàïòàöèè è ñîöèàëüíî-ýêîíîìè÷åñêèìè
óñëîâèÿìè â ðåãèîíàõ Ðîññèè. Äëÿ âû÷èñëåíèÿ èíäåêñà èñïîëüçóþò-
ñÿ äîñòóïíûå ñòàòèñòè÷åñêèå äàííûå.

Ïðîáëåìà ðàñïðîñòðàíåíèÿ âèðóñà èììóíîäåôèöèòà ÷åëîâåêà ÿâ-
ëÿåòñÿ îäíîé èç ñàìûõ ñåðüåçíûõ ïðîáëåì çäðàâîîõðàíåíèÿ. ÂÈ×-
èíôåêöèÿ� ñîöèàëüíî îáóñëîâëåííîå çàáîëåâàíèå, îñíîâíûìè ôàê-
òîðàìè ðèñêà êîòîðîãî ÿâëÿþòñÿ íàðêîçàâèñèìîñòü è ðèñêîâàííîå
ñåêñóàëüíîå ïîâåäåíèå. Èçâåñòíî, ÷òî â ÐÔ îñíîâíîå êîëè÷åñòâî ñëó-
÷àåâ çàðàæåíèÿ ÂÈ× ñâÿçàíî ñ ãðóïïàìè ðèñêà, êîòîðûå ðåêðóòèðó-
þòñÿ èç îñíîâíîé ïîïóëÿöèè â ðåçóëüòàòå ñîöèàëüíîé äåçàäàïòàöèè.
Ïîýòîìó àêòóàëüíîé ÿâëÿåòñÿ ïðîáëåìà ñíèæåíèÿ ñêîðîñòè ðàñïðî-
ñòðàíåíèÿ âèðóñà â ãðóïïàõ ðèñêà, ñîñòàâëÿþùèõ îñíîâíîé ðåçåðâó-
àð èíôåêöèè.

Ïðèçíàêàìè ñîöèàëüíîé äåçàäàïòàöèèè ÿâëÿþòñÿ ðàçëè÷íûå âè-
äû äåâèàíòíîãî ïîâåäåíèÿ: àëêîãîëèçì, íàðêîìàíèÿ, àìîðàëüíîå ïî-
âåäåíèå, äåòñêàÿ áåñïðèçîðíîñòü, è äðóãèå íàðóøåíèÿ ñîöèàëüíûõ,
ïðàâîâûõ è íðàâñòâåííûõ íîðì.

Â êà÷åñòâå õàðàêòåðèñòèêè ðèñêà èíôèöèðîâàíèÿ ÂÈ×/ÑÏÈÄ
â ðåãèîíå óäîáíî ðàññìàòðèâàòü âåëè÷èíó ñèëû èíôåêöèè äàííîãî
çàáîëåâàíèÿ� λ. Ñèëà èíôåêöèè λ ðàâíà ñêîðîñòè èíôèöèðîâàíèÿ
÷óâñòâèòåëüíîãî èíäèâèäà [1]. Òîãäà âåëè÷èíà λ∆t ðàâíà âåðîÿòíî-
ñòè èíôèöèðîâàíèÿ â òå÷åíèè âðåìåíè ∆t, íàïðèìåð, ãîäà.

Cèëó èíôåêöèè ëþáîãî çàáîëåâàíèÿ íåòðóäíî îöåíèòü â ïåðâîì
ïðèáëèæåíèè ïî äàííûì î çàáîëåâàåìîñòè è ðàñïðîñòðàíåííîñòè ñî-
îòâåòñòâóþùåé èíôåêöèè:

λ =
I(t)
S(t)

(1)

ãäå I � ÷èñëî èíäèâèäîâ, èíôèöèðîâàííûõ çà ïåðèîä âðåìåíè (t −
1; t), S� ÷èñëî ÷óâñòâèòåëüíûõ èíäèâèäîâ íà íà÷àëî ïåðèîäà.

Â äàííîé ðàáîòå, ìû ïðåäïðèíÿëè ïîïûòêó ïîñòðîèòü ïîêàçà-
òåëü, ïîçâîëÿþùèé îöåíèâàòü îæèäàåìûé óðîâåíü çàáîëåâàåìîñòè
ÂÈ× â ðåãèîíàõ Ðîññèè íà îñíîâå èíôîðìàöèè î ïðîöåññàõ ñîöèàëü-
íîé äåçàäàïòàöèè íàñåëåíèÿ� èíäåêñ ðèñêà èíôèöèðîâàíèÿ ÂÈ×.
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Äëÿ ïîñòðîåíèÿ èíäåêñà ìû èñïîëüçîâàëè ìåòîä, îïèñàííûé â
ðàáîòå [2]. Â êà÷åñòâå êîëè÷åñòâåííûõ õàðàêòåðèñòèê ôàêòîðîâ ñî-
öèàëüíîé äåçàäàïòàöèè, ìû âûáðàëè ñêîðîñòè ðàñïðîñòðàíåíèÿ íàð-
êîìàíèè� λD, èíôåêöèé, ïåðåäàþùèõñÿ ïîëîâûì ïóò¼ì (ÈÏÏÏ)�
λS è àëêîãîëèçìà� λA. Çíà÷åíèÿ ýòèõ âåëè÷èí, ìîãóò áûòü îöåíåíû
íà îñíîâå ñòàòèñòè÷åñêèõ äàííûõ.

Èñõîäÿ èç àíàëèçà ýìïèðè÷åñêèõ äàííûõ è òåîðåòè÷åñêèõ çíàíèé
î ìåõàíèçìàõ ðàñïðîñòðàíåíèÿ âèðóñà, áûë ïðåäëîæåí ðÿä ãèïîòåç
î âèäå ïðåäïîëàãàåìîé çàâèñèìîñòè ñèëû èíôåêöèè ÂÈ× îò ôàêòî-
ðîâ ñîöèàëüíîé äåçàäàïòàöèè. Ïðîâåðêà ýòèõ ïðåäïîëîæåíèé ñòàòè-
ñòè÷åñêèìè ìåòîäàìè ïîêàçàëà, ÷òî ñëåäóþùåå âûðàæåíèå íàèáîëåå
òî÷íî ïðèáëèæàåò èìåþùèåñÿ äàííûå::

λ(1) = 1, 62
λSλD
λA

, (2)

Ôîðìóëà (2) õàðàêòåðèçóåòñÿ ñóùåñòâåííîé íåäîîöåíêîé ñèëû
èíôåêöèè â ðÿäå êëþ÷åâûõ ðåãèîíîâ Ðîññèè. Äëÿ ïîâûøåíèÿ êà-
÷åñòâà îöåíêè áûëè èñïîëüçîâàíû ñâåäåíèÿ î ìèãðàöèîííîé, ýêîíî-
ìè÷åñêîé è òðóäîâîé àêòèâíîñòè íàñåëåíèÿ, êîòîðûå òàêæå âëèÿþò
íà ôîðìèðîâàíèå ãðóïï ðèñêà. Â ðåçóëüòàòå áûëà ïîëó÷åíà ïîïðàâ-
êà λ(2) ê ôîðìóëå (2). Èíäåêñ ðèñêà èíôèöèðîâàíèÿ ÂÈ× ìîæåò
áûòü ðàññ÷èòàí â âèäå ëèíåéíîé êîìáèíàöèè λ(1) è λ(2):

λ = 0, 84λ(1) + 0, 16λ(2) (3)

Êîððåëÿöèÿ çíà÷åíèé ñèëû èíôåêöèè, ðàññ÷èòàííûõ ïî ôîðìó-
ëå (1), è èíäåêñà (3) óâåëè÷èëàñü ïî ñðàâíåíèþ ñ (2) (c 0.61 äî 0.74)
îäíàêî ýòî íå ðåøàåò ïðîáëåìû àäåêâàòíîé îöåíêè ðèñêà èíôèöè-
ðîâàíèÿ â ðÿäå ðåãèîíîâ. Êðîìå òîãî, òàêîé ñïîñîá îöåíêè ðèñêà
èíôèöèðîâàíèÿ òðåáóåò ïðèâëå÷åíèÿ äàííûõ èç ñôåð äåÿòåëüíîñòè,
íå ñâÿçàííûõ ñî çäðàâîîõðàíåíèåì.

Àíàëèç çàâèñèìîñòåé ñèëû èíôåêöèè ÂÈ× îò ôàêòîðîâ ñîöèàëü-
íîé äåçàäàïòàöèè óêàçûâàåò íà ñóùåñòâîâàíèå íåêîòîðûõ ñòðóêòóð-
íûõ îñîáåííîñòåé â ðàñïðîñòðàíåíèè âèðóñà â ðåãèîíàõ ñ ðàçëè÷íû-
ìè êîëè÷åñòâåííûìè êîìáèíàöèÿìè óêàçàííûõ ôàêòîðîâ. Òàê, çàâè-
ñèìîñòü ñèëû ÂÈ×-èíôåêöèè îò ñêîðîñòè ðàñïðîñòðàíåíèÿ íàðêî-
ìàíèè ìîíîòîííî âîçðàñòàþùàÿ, îò äðóãèõ õàðàêòåðèñòèê� íåìîíî-
òîííàÿ. Ïðîàíàëèçèðîâàâ ïîäîáíûå ýôôåêòû, ìû âûäåëèëè ÷åòûðå
êëàññà ðåãèîíîâ è ïîñòðîèëè èíäåêñ ðèñêà èíôèöèðîâàíèÿ ÂÈ× äëÿ
êàæäîãî êëàññà.

Òàêîé ñïîñîá îöåíêè ñèëû èíôåêöèè ÂÈ× â ðåãèîíàõ ñòàâèò çà-
äà÷ó îòíåñåíèÿ ðåãèîíà ê òîìó èëè èíîìó êëàññó. Ìû ïðîàíàëèçèðî-
âàëè ðåãèîíû â êàæäîì èç ÷åòûðåõ êëàññîâ è âûäåëèëè ðÿä ñâîéñòâ,
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êîòîðûå ïîçâîëèëè áû ðåøèòü óêàçàííóþ ïðîáëåìó êëàññèôèêàöèè
ñóáúåêòîâ ÐÔ.

Ïîñòðîåííûé èíäåêñ, íåñìîòðÿ íà ðÿä ïðåèìóùåñòâ, íå ïðåäíà-
çíà÷åí äëÿ äîëãîñðî÷íîãî ïðîãíîçèðîâàíèÿ. Îí ëèøü ïîçâîëÿåò îöå-
íèòü îæèäàåìóþ çàáîëåâàåìîñòü ÂÈ× è äàòü îáîñíîâàíèå îñíîâíûõ
ïðè÷èí îæèäàåìîãî êîëè÷åñòâà âíîâü èíôèöèðîâàííûõ è íàïðàâèòü
óñèëèÿ ïî áîðüáå â íóæíîì íàïðàâëåíèè.
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Âû÷èñëèòåëüíûå òåõíîëîãèè

èíäèâèäóàëüíî�îðèåíòèðîâàííîãî ìîäåëèðîâàíèÿ

ñîîáùåñòâ âçàèìîäåéñòâóþùèõ èíäèâèäóóìîâ

ÍèêîëàéÂèêòîðîâè÷Ïåðöåâ2

Îäíèì èç íàïðàâëåíèé ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ ÿâëÿåò-
ñÿ èññëåäîâàíèå òðóäíî ôîðìàëèçóåìûõ îáúåêòîâ, ê êîòîðûì îò-
íîñÿòñÿ ðàçíîîáðàçíûå ñîîáùåñòâà âçàèìîäåéñòâóþùèõ èíäèâèäóó-
ìîâ. Â ðÿäå ôóíäàìåíòàëüíûõ èññëåäîâàíèé è ðàçëè÷íûõ ïðèêëàä-
íûõ çàäà÷àõ ðàññìàòðèâàþòñÿ ñîîáùåñòâà ñ äîñòàòî÷íî ñëîæíîé ñòðóê-
òóðîé, êîòîðàÿ îáóñëîâëåíà ïàðàìåòðàìè, õàðàêòåðèçóþùèìè êàæ-
äîãî îòäåëüíî âçÿòîãî èíäèâèäóóìà. Âçàèìîäåéñòâèå èíäèâèäóóìîâ
è èçìåíåíèÿ èõ ïàðàìåòðîâ ìîãóò ñóùåñòâåííî âëèÿòü íà ñòðóêòó-
ðó ñîîáùåñòâà (÷èñëåííîñòü, âîçðàñòíîé ñîñòàâ, êëàññèôèêàöèÿ ïî
çàäàííûì ïðèçíàêàì è ïð.). Â ñâÿçè ñ ýòèì, ïîñòðîåíèå ìàòåìàòè-
÷åñêèõ ìîäåëåé òàêèõ ñîîáùåñòâ äîëæíî îïèðàòüñÿ íà äîñòàòî÷íî
ñëîæíîå è ãèáêîå ïàðàìåòðè÷åñêîå îïèñàíèå èíäèâèäóóìîâ.

Â íàñòîÿùåå âðåìÿ áîëüøèíñòâî ìàòåìàòè÷åñêèõ ìîäåëåé áèî-
ëîãè÷åñêèõ è ñîöèàëüíûõ ñîîáùåñòâ îïèðàåòñÿ íà äåòåðìèíèðîâàí-
íûé ïîäõîä è àïïàðàò äèôôåðåíöèàëüíûõ, ðàçíîñòíûõ è èíòåãðàëü-
íûõ óðàâíåíèé (ñì., íàïðèìåð, Ï.Â.Ôóðñîâà, À.Ï.Ëåâè÷, 2002 ã., îá-
çîð). Íåîáõîäèìîñòü ðàçâèòèÿ ìîäåëåé òàêîãî êëàññà ñ òî÷êè çðå-
íèÿ ìíîãîïàðàìåòðè÷åñêîãî îïèñàíèÿ èíäèâèäóóìîâ îòìå÷àëàñü â
ìîíîãðàôèè Ð.À.Ïîëóýêòîâà, Þ.À.Ïûõà, È.À.Øâûòîâà (1980 ã.).
Êîíñòðóêòèâíûé ïîäõîä ê ïàðàìåòðè÷åñêîìó îïèñàíèþ èíäèâèäó-
óìîâ â ôîðìå ñèñòåì ðàçíîñòíûõ óðàâíåíèé ïðåäëîæåí â ðàáîòàõ
À.È.Ìèõàëüñêîãî, À.Ì.Ïåòðîâñêîãî, À.È.ßøèíà (1982, 1989 ã.ã.). Îäèí
èç ñàìûõ ïëîäîòâîðíûõ, íî äîñòàòî÷íî òðóäíûõ ïîäõîäîâ ê îïè-
ñàíèþ íåîäíîðîäíûõ ïîïóëÿöèé ñâÿçàí ñ ïðèìåíåíèåì óðàâíåíèé
â ÷àñòíûõ ïðîèçâîäíûõ è èíòåãðî�äèôôåðåíöèàëüíûõ óðàâíåíèé
(ñì., íàïðèìåð, Ã.À.Áî÷àðîâ, K.P.Hadeler, 2000 ã., îáçîð). Ó÷¼ò âëè-
ÿíèÿ îêðóæàþùåé ñðåäû íà èçìåíåíèå ïàðàìåòðîâ, âõîäÿùèõ â îïè-
ñàíèå ïðîöåññîâ ðîæäåíèÿ, ãèáåëè è ìèãðàöèè èíäèâèäóóìîâ, ïðåä-
ñòàâëåí â ðàáîòàõ Â.Ã.Èëüè÷åâà (2001�2009 ã.ã.). Âñå ìîäåëè óêàçàí-
íîãî òèïà òðåáóþò çíà÷èòåëüíûõ óñèëèé ñ òî÷êè çðåíèÿ èññëåäîâà-
íèÿ ñâîéñòâ ðåøåíèé ñîîòâåòñòâóþùèõ óðàâíåíèé êàê ñ ïîìîùüþ
àíàëèòè÷åñêèõ, òàê è ÷èñëåííûõ ìåòîäîâ. Â ÷àñòíîñòè, ñåðü¼çíóþ

2Ðàáîòà ïîääåðæàíà ÐÔÔÈ (ïðîåêò N 09�01�0098�a) è ÑÎ ÐÀÍ (ïðîåêò N
26)
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ïðîáëåìó ïðåäñòàâëÿåò ñîáîé ÷èñëåííîå ðåøåíèå äèôôåðåíöèàëü-
íûõ óðàâíåíèé ñ ïîñëåäåéñòâèåì ïðè ïåðåìåííîì øàãå èíòåãðèðîâà-
íèÿ. Ñþäà æå îòíîñèòñÿ ïðîáëåìà ÷èñëåííîãî ðåøåíèÿ íåëèíåéíûõ
èíòåãðàëüíûõ óðàâíåíèé òèïà ñâ¼ðòêè ñ íåãëàäêèìè èëè ðàçðûâíû-
ìè ôóíêöèÿìè, îïèñûâàþùèìè äîæèòèå è ðåïðîäóêöèþ èíäèâèäó-
óìîâ.

Íåîáõîäèìî îòìåòèòü, ÷òî äåòåðìèíèðîâàííûé ïîäõîä ê ïîñòðî-
åíèþ ìîäåëåé ñîîáùåñòâ èíäèâèäóóìîâ èìååò íåêîòîðûå îãðàíè÷å-
íèÿ. Ñëåäóåò ó÷èòûâàòü, ÷òî ÷èñëåííîñòü ñîîáùåñòâ ìîæåò ñîñòàâ-
ëÿòü íåñêîëüêî äåñÿòêîâ, ñîòåí èëè òûñÿ÷ èíäèâèäóóìîâ, ÷òî ïðèâî-
äèò ê îïðåäåë¼ííûì ïðîáëåìàì ïðè èíòåðïðåòàöèè ðåøåíèé äåòåð-
ìèíèðîâàííûõ ìîäåëåé è òðåáóåò ïðèâëå÷åíèÿ öåëî÷èñëåííûõ ïåðå-
ìåííûõ. Äåòåðìèíèðîâàííûé ïîäõîä íå ïîçâîëÿåò îáúÿñíèòü ìíî-
ãîîáðàçèå ðåàëüíûõ äàííûõ, èìåþùèåñÿ ðàçëè÷èÿ ìåæäó ñîîáùå-
ñòâàìè, äîñòàòî÷íî áëèçêèìè ìåæäó ñîáîé ïî ñâîåé ñòðóêòóðå è
ïàðàìåòðàì èíäèâèäóóìîâ. Ýòîò ïîäõîä íå äà¼ò âîçìîæíîñòè ïî-
ñòðîåíèÿ è àíàëèçà ìîäåëåé äîñòàòî÷íî ñëîæíûõ ñîîáùåñòâ â ñèëó
ãðîìîçäêîñòè è íåëèíåéíîñòè âîçíèêàþùèõ ñèñòåì óðàâíåíèé. Äðó-
ãîå íàïðàâëåíèå â èññëåäîâàíèè ýâîëþöèîíèðóþùèõ ñîîáùåñòâ ñâÿ-
çàíî ñ ìóëüòè�àãåíòíûì ìîäåëèðîâàíèåì, îñíîâàííîì íà àëãîðèò-
ìè÷åñêîì îïèñàíèè è ïðîãðàììíîì çàäàíèè ïðàâèë ïîâåäåíèÿ èí-
äèâèäóóìîâ (ñì., íàïðèìåð, R.Axtell, 2000 ã., K.Carley, et.al, 2003 ã.,
D.M.Green, et.al., 2006 ã., H.Rahmandad, et.al, 2006 ã., R.E.Watkins,
et.al, 2007 ã., Â.Ä.Ïåðìèíîâ, Ä.À.Ñàðàí÷à è äð., 2003 ã., 2009 ã.). Ýòîò
ïîäõîä ïîçâîëÿåò ñòðîèòü äîâîëüíî ãèáêèå èìèòàöèîííûå ìîäåëè
äëÿ èçó÷åíèÿ êîíêðåòíûõ ñîîáùåñòâ, íî íå îáåñïå÷èâàåò ïðèìåíå-
íèÿ àíàëèòè÷åñêèõ ìåòîäîâ, íåîáõîäèìûõ äëÿ ïîñòðîåíèÿ îöåíîê íà
ïåðåìåííûå ìîäåëåé. Îäèí èç íàèáîëåå àäåêâàòíûõ è êîíñòðóêòèâ-
íûõ ñïîñîáîâ ôîðìàëèçàöèè è èçó÷åíèÿ ñîîáùåñòâ ñ ó÷¼òîì âçà-
èìîäåéñòâèÿ èíäèâèäóóìîâ è èçìåíåíèÿ èõ ïàðàìåòðîâ ñîñòîèò â
ïðèìåíåíèè âåðîÿòíîñòíûõ ìîäåëåé è ìåòîäà ñòàòèñòè÷åñêîãî ìî-
äåëèðîâàíèÿ (Ìîíòå�Êàðëî). Â ïðèëîæåíèÿõ øèðîêî èñïîëüçóþò-
ñÿ îáùèå âåòâÿùèåñÿ ñëó÷àéíûå ïðîöåññû (Á.À.Ñåâàñòüÿíîâ, 1971 ã.,
P. Jagers, 1975 ã. è äð.), âåòâÿùèåñÿ ïðîöåññû ñ âçàèìîäåéñòâèåì ÷à-
ñòèö (Á.À.Ñåâàñòüÿíîâ, À.Â.Êàëèíêèí, 1982 ã., À.Â.Êàëèíêèí, 2002 ã.),
âåòâÿùèåñÿ ïðîöåññû â ïåðåìåííîé è ñëó÷àéíîé ñðåäå (Â.À.Âàòóòèí
è äð., 2005�2008 ã.ã.) è ïðîöåññû äðóãèõ òèïîâ. Ìåòîä ñòàòèñòè÷åñêî-
ãî ìîäåëèðîâàíèÿ îïèðàåòñÿ íà ñòàíäàðòíûå àëãîðèòìû ãåíåðàöèè
ñëó÷àéíûõ âåëè÷èí ñ çàäàííûìè çàêîíàìè ðàñïðåäåëåíèÿ, à òàêæå
âåëè÷èí, îïèñûâàþùèõ ñâîáîäíûé ïðîáåã íåéòðîíà â íåîäíîðîäíîé
ñðåäå (È.Ì.Ñîáîëü, 1973 ã., Ñ.Ì.Åðìàêîâ, Ã.À.Ìèõàéëîâ, 1976 ã.).

Ñëåäóåò îòìåòèòü, ÷òî äëÿ ìíîãèõ ñîîáùåñòâ âçàèìîäåéñòâèå èí-
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äèâèäóóìîâ çàâèñèò îò êîíêðåòíûõ çíà÷åíèé èõ ïàðàìåòðîâ (âêëþ-
÷àÿ âîçðàñò), ðàñïðåäåëåíèÿ âðåìåíè æèçíè èíäèâèäóóìîâ îòëè÷à-
þòñÿ îò ýêñïîíåíöèàëüíîãî, ïåðâîíà÷àëüíî ñóùåñòâóþùèå èíäèâè-
äóóìû èìåþò äîñòàòî÷íî ñëîæíûå ðàñïðåäåëåíèÿ ïî âîçðàñòó è ïî
çíà÷åíèÿì ñâîèõ ïàðàìåòðîâ. Ïåðå÷èñëåííûå îñîáåííîñòè óêàçûâà-
þò íà ïåðñïåêòèâíîñòü ðàçâèòèÿ ÷èñëåííûõ ìåòîäîâ ìîäåëèðîâà-
íèÿ è ðàçðàáîòêè ìîäåëèðóþùèõ ïðîãðàìì íà îñíîâå ñòîõàñòè÷å-
ñêîé èíäèâèäóóì�îðèåíòèðîâàííîé ìîäåëè. Ïðèìåðîì ðàçðàáîòêè è
ïðèìåíåíèÿ òàêîé ìîäåëè ÿâëÿþòñÿ ÿçûê îïèñàíèÿ ñîîáùåñòâ âçàè-
ìîäåéñòâóþùèõ èíäèâèäóóìîâ è ïðîãðàììà �Populations Modeler�,
ðàçðàáîòàííûå Á.Þ.Ïè÷óãèíûì è Í.Â.Ïåðöåâûì (2004�2009 ã.ã.).
Ñ.À.Êëîêîâ è Á.Þ.Ïè÷óãèí èñïîëüçîâàëè èíäèâèäóàëüíî�îðèåíòè-
ðîâàííûé ïîäõîä ïðè ðàçðàáîòêå àëãîðèòìà ìîäåëèðîâàíèÿ è ìîäå-
ëèðóþùåé ïðîãðàììû, ïðåäíàçíà÷åííûõ äëÿ ðàñ÷¼òà ãåíåòè÷åñêîé
ýâîëþöèè ïîïóëÿöèè ñ äâóìÿ ãåíàìè (2007 ã.). Ïðèìåíåíèå ýòîé ïðî-
ãðàììû çíà÷èòåëüíî äîïîëíèëî ðåçóëüòàòû àíàëèòè÷åñêèõ èññëåäî-
âàíèé ìîäåëè (P.Haccou, et.al., 2006�2007 ã.ã.).

Ðàáîòà ïî ñîçäàíèþ ñòîõàñòè÷åñêèõ èíäèâèäóàëüíî�îðèåíòèðîâàí-
íûõ ìîäåëåé, ïðåäíàçíà÷åííûõ äëÿ èññëåäîâàíèÿ øèðîêîãî êëàññà
ñîîáùåñòâ âçàèìîäåéñòâóþùèõ èíäèâèäóóìîâ, äîëæíà âêëþ÷àòü â
ñåáÿ ðåøåíèå ñëåäóþùèõ çàäà÷:

1) ïîñòðîåíèå òåîðåòèêî�âåðîÿòíîñòíîãî îïèñàíèÿ ñîîáùåñòâ ñ
ïðîèçâîëüíûìè ðàñïðåäåëåíèÿìè õàðàêòåðèñòèê èíäèâèäóóìîâ, âëè-
ÿþùèõ íà ïðîöåññû èõ ðîæäåíèÿ, ãèáåëè è âçàèìîäåéñòâèÿ,

2) ðàçðàáîòêà âûñîêîýôôåêòèâíûõ âû÷èñëèòåëüíûõ àëãîðèòìîâ
è ñòðóêòóð äàííûõ, ïîçâîëÿþùèõ ìîäåëèðîâàòü ñîîáùåñòâà ÷èñëåí-
íîñòüþ äî íåñêîëüêèõ ìèëëèîíîâ èíäèâèäóóìîâ, â òîì ÷èñëå, ñ ó÷¼-
òîì âîçìîæíîñòè ïðîâåäåíèÿ ïàðàëëåëüíûõ âû÷èñëåíèé,

3) ñîçäàíèå ìîäåëèðóþùèõ ïðîãðàìì íà îñíîâå ðàçðàáîòàííûõ
àëãîðèòìîâ â ðàçíûõ ñðåäàõ ïðîãðàììèðîâàíèÿ, âêëþ÷àÿ ïðîãðàì-
ìû äëÿ âû÷èñëèòåëüíûõ êëàñòåðîâ è ñóïåð�ÝÂÌ.

ÍèêîëàéÂèêòîðîâè÷Ïåðöåâ,
Îìñêèé ôèëèàë Èíñòèòóòà ìàòåìàòèêè ÑÎ ÐÀÍ, Îìñê, Ðîññèÿ,
e-mail: homlab@ya.ru
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Èíäèâèäóóì-îðèåíòèðîâàííàÿ ìîäåëü ðàñïðîñòðàíåíèÿ

òóáåðêóëåçà

ÁîðèñÞðüåâè÷Ïè÷óãèí1

Òóáåðêóëåç� ýòî î÷åíü ðàñïðîñòðàíåííîå çàáîëåâàíèå, ïåðåäàþ-
ùååñÿ â îñíîâíîì âîçäóøíî-êàïåëüíûì ïóòåì. Âî ìíîãèõ ñòðàíàõ
(â òîì ÷èñëå è â Ðîññèè) îíî èìååò õàðàêòåð ýïèäåìèè. Òóáåðêó-
ëåç (èëè õîëåðà) èçâåñòåí ÷åëîâå÷åñòâó óæå íåñêîëüêî òûñÿ÷ ëåò, íî
âîçáóäèòåëü áûë âûÿâëåí ëèøü â 1882 ãîäó Ð.Êîõîì, à ýôôåêòèâ-
íûå ëåêàðñòâà ïîëó÷åíû â 80-õ ãîäàõ ÕÕ âåêà. Íî è ýòî íå ïîçâîëèëî
ñïðàâèòñÿ ñ áîëåçíüþ òàê êàê ìèêîáàêòåðèè òóáåðêóëåçà î÷åíü áûñò-
ðî ïðèñïîñàáëèâàþòñÿ è ïðèîáðåòàþò ðåçèñòåíòíîñòü ê ðàçëè÷íûì
âèäàì ëå÷åíèÿ. Ðàñïðîñòðàíåíèþ çàáîëåâàíèÿ òàêæå ñïîñîáñòâóþò
è ñîöèàëüíûå ôàêòîðû: íèçêèé óðîâåíü æèçíè ó íåêîòîðûõ ñëîåâ
íàñåëåíèÿ, áåçîòâåòñòâåííîå îòíîøåíèå ê ïðîôèëàêòèêå è ëå÷åíèþ.
Ïîýòîìó èññëåäîâàíèå òóáåðêóëåçà ÿâëÿåòñÿ îäíèì èç ïðèîðèòåòíûõ
íàïðàâëåíèé.

Â äàííîé ðàáîòå ïîñòðîåíà èíäèâèäóóì-îðèåíòèðîâàííàÿ âåðîÿò-
íîñòíàÿ ìîäåëü ðàñïðîñòðàíåíèÿ òóáåðêóëåçà îðãàíîâ äûõàíèÿ (ÒÁÎÄ)
â íåêîòîðîì ðåãèîíå. Â îñíîâó ìîäåëè ïîëîæåí ïîäõîä, èñïîëüçî-
âàííûé â [1]. Ñîãëàñíî ýòîìó ïîäõîäó âñå èíäèâèäóóìû ñòàðøå 16
ëåò, ïðîæèâàþùèå â èññëåäóåìîì ðåãèîíå, ïîäåëåíû íà 6 êîãîðò:
S, L, D, B, D0, B0, ãäå S� êîãîðòà âîñïðèèì÷èâûõ âàêöèíèðîâàí-
íûõ èíäèâèäóóìîâ, L� êîãîðòà èíäèâèäóóìîâ, íåñóùèõ ëàòåíòíóþ
èíôåêöèþ, íî íå ðàçâèâøèõ àêòèâíûõ ôîðì áîëåçíè, D� êîãîðòà
íåâûÿâëåííûõ áîëüíûõ â àêòèâíîé ñòàäèè ÒÁÎÄ, íî íå âûäåëÿþ-
ùèõ ìèêîáàêòåðèè òóáåðêóëåçà, B� êîãîðòà íåâûÿâëåííûõ áîëüíûõ
â àêòèâíîé ñòàäèè ÒÁÎÄ, âûäåëÿþùèõ ìèêîáàêòåðèè òóáåðêóëåçà,
D0 � êîãîðòà áîëüíûõ â àêòèâíîé ñòàäèè ÒÁÎÄ, íå âûäåëÿþùèõ ìè-
êîáàêòåðèè è íàõîäÿùèõñÿ íà ó÷¼òå ñèñòåìû ïðîòèâîòóáåðêóëåçíûõ
äèñïàíñåðîâ, B0 � êîãîðòà áîëüíûõ â àêòèâíîé ñòàäèè ÒÁÎÄ, âûäå-
ëÿþùèõ ìèêîáàêòåðèè è íàõîäÿùèõñÿ íà ó÷¼òå ñèñòåìû ïðîòèâîòó-
áåðêóëåçíûõ äèñïàíñåðîâ. Íà ðèñóíêå èçîáðàæåíà ñõåìà ïåðåõîäîâ
èíäèâèäóóìîâ ìåæäó êîãîðòàìè.

1Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ãðàíòû ��
06�01�00127, 09-01-00098-A).
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Çäåñü N � ýòî ìíîæåñòâî íîâûõ èíäèâèäóóìîâ, à U � ìíîæåñòâî ïî-
ãèáøèõ èëè ïîêèíóâøèõ ðåãèîí èíäèâèäóóìîâ. Ñòðåëêàìè ïîêàçàíû
ïîòîêè èíäèâèäóóìîâ. Ñïëîøíûìè ñòðåëêàìè ïîêàçàíû ïåðåõîäû,
îáóñëîâëåííûå îêîí÷àíèåì ñëó÷àéíîãî âðåìåíè ïðåáûâàíèÿ â êîãîð-
òå. Ðàñïðåäåëåíèÿ âðåìåíè ïðåáûâàíèÿ â êîãîðòàõ ÿâëÿþòñÿ ïàðà-
ìåòðàìè ìîäåëè. Ïóíêòèðíûìè ñòðåëêàìè ïîêàçàíà ãèáåëü èíäèâè-
äóóìîâ â ðåçóëüòàòå ñòàðåíèÿ. Ðàñïðåäåëåíèå âðåìåíè æèçíè èíäè-
âèäóóìîâ òàêæå ÿâëÿåòñÿ ïàðàìåòðîì ìîäåëè. Øòðèõ-ïóíêòèðíûìè
ñòðåëêàìè ïîêàçàíû ïåðåõîäû, îïèñûâàåìûå ïóàññîíîâñêèìè ïîòî-
êàìè ðàçëè÷íîé èíòåíñèâíîñòè, çàâèñÿùåé îò ÷èñëåííîñòåé êîãîðò.

Ïîñòðîåííàÿ ìîäåëü áûëà èññëåäîâàíà ÷èñëåííî ïðè ïîìîùè ïðî-
ãðàììû Populations Modeller [2�3]. Öåëüþ âû÷èñëèòåëüíûõ ýêñïåðè-
ìåíòîâ ÿâëÿëîñü èçó÷åíèå ðàñïðåäåëåíèÿ çàáîëåâøèõ èíäèâèäóóìîâ
â çàâèñèìîñòè îí ïðîôèëàêòè÷åñêèõ ìåðîïðèÿòèé (â ÷àñòíîñòè, îò
ðåãóëÿðíîñòè ïðîâåäåíèÿ ôëþîðîãðàôè÷åñêîãî îáñëåäîâàíèÿ).
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Àâòîìàòèçàöèÿ ïîñòðîåíèÿ èåðàðõèé â èçìåðåíèÿõ

ìíîãîìåðíûõ ìîäåëåé äàííûõ

ÏàâåëÃðèãîðüåâè÷Ðåäðååâ

Äëÿ ïðåäñòàâëåíèÿ äàííûõ â ñèñòåìàõ îïåðàòèâíîãî àíàëèçà äàí-
íûõ OLAP (online analytical processing) [1] èñïîëüçóþòñÿ ìíîãîìåð-
íûå ìîäåëè äàííûõ, íàçûâàåìûå ãèïåðêóáàìè. Â äîêëàäå ðàññìàòðè-
âàåòñÿ ñïîñîá àâòîìàòèçèðîâàííîãî îïðåäåëåíèÿ èåðàðõèé [2] â èçìå-
ðåíèÿõ ãèïåðêóáà, ñôîðìèðîâàííîãî èç èñõîäíîé ðåëÿöèîííîé áàçû
äàííûõ.

Ìîäåëü äàííûõ ¾êîìïîçèöèîííàÿ òàáëèöà¿ ÿâëÿåòñÿ îáîáùåíèåì
ìîäåëè ¾ñåìàíòè÷åñêàÿ òðàíñôîðìàöèÿ¿ [3] íà ñëó÷àé ñïèñêà çíà÷å-
íèé â îäíîé ÿ÷åéêå. Ïðåäñòàâëåíèå ¾êîìïîçèöèîííîé òàáëèöû¿�
îòíîøåíèå R∗, ñòðîèòñÿ èç èñõîäíîãî ðåëÿöèîííîãî îòíîøåíèÿ R.

Ñõåìà îïèñàíèÿ îòíîøåíèÿ R∗: Sch(R∗) = {X,
N⋃
i=1

Dom(Yi) × {Zi}},

ãäå X, Yi, Zi� ìíîæåñòâà àòðèáóòîâ èç R. X è Yi (i = 1, 2, . . . , N)
ÿâëÿþòñÿ îáîáùåííûìè êîîðäèíàòàìè è ìîãóò ðàññìàòðèâàòüñÿ êàê
èçìåðåíèÿ.

Ïðè ïîñòðîåíèè èåðàðõèè â èçìåðåíèè â êà÷åñòâå óðîâíåé èçìå-
ðåíèÿ èñïîëüçóþòñÿ àòðèáóòû èñõîäíîé áàçû äàííûõ. Ñõåìà èåðàð-
õèè� ýòî îðèåíòèðîâàííûé àöèêëè÷åñêèé è ñëàáî ñâÿçíûé ãðàô
H = (A,E), ãäåA� ìíîæåñòâî àòðèáóòîâ, E� ìíîæåñòâî äóã. C,D�
àòðèáóòû. C ≺ D, åñëè â H ñóùåñòâóåò ïóòü èç âåðøèíû C â D.

Äëÿ çàäàíèÿ ÷àñòè÷íîãî ïîðÿäêà íà ìíîæåñòâå àòðèáóòîâ, âõî-
äÿùèõ â ôóíêöèîíàëüíûå è ìíîãîçíà÷íûå çàâèñèìîñòè [4], èñïîëü-
çóåòñÿ ýâðèñòè÷åñêîå ïðàâèëî:
Àòðèáóòû èç ìíîæåñòâà àòðèáóòîâ, ïðèíèìàþùåãî ìåíüøåå êî-
ëè÷åñòâî çíà÷åíèé, ðàñïîëàãàþòñÿ â èåðàðõèè âûøå ÷åì àòðèáóòû
èç ìíîæåñòâà, ïðèíèìàþùåãî áîëüøåå êîëè÷åñòâî çíà÷åíèé.

Äëÿ ôóíêöèîíàëüíîé çàâèñèìîñòè C → D, ãäå C è D� ìíîæå-
ñòâà àòðèáóòîâ, äëÿ àòðèáóòîâ Ck ∈ C,Dl ∈ D ∀k, l Ck ≺ Dl. Äëÿ
ìíîãîçíà÷íîé çàâèñèìîñòè C � D(E), ãäå C,D,E� ìíîæåñòâà àò-
ðèáóòîâ, äëÿ àòðèáóòîâ Ck ∈ C, Il ∈ D ∪ E ∀k, l Il ≺ Ck.

L� ìíîæåñòâî àòðèáóòîâ X èëè Yj ¾êîìïîçèöèîííîé òàáëèöû¿.
Ðàçðàáîòàííûé àëãîðèòì ïîñòðîåíèÿ ñõåìû èåðàðõèè H èç àòðèáó-
òîâ L èñïîëüçóåò ÷àñòè÷íûé ïîðÿäîê, çàäàííûé íà ìíîæåñòâå àòðè-
áóòîâ.

Åñëè èåðàðõèÿ ÿâëÿåòñÿ íåðåãóëÿðíîé [1], òî ïðîèçâîäèòñÿ å¼ íîð-
ìàëèçàöèÿ.
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Ïðèìåíåíèå ïðåäëîæåííîãî àëãîðèòìà ôîðìèðîâàíèÿ èåðàðõèé
â OLAP-ñèñòåìàõ ïîçâîëèò ñîêðàòèòü âðåìÿ íà ôîðìèðîâàíèå ñõåìû
íîâîé ìíîãîìåðíîé ìîäåëè äàííûõ.
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Ñâîéñòâà êîììóòàíòà è óíèâåðñàëüíàÿ ýêâèâàëåíòíîñòü

÷àñòè÷íî êîììóòàòèâíûõ ìåòàáåëåâûõ ãðóïï.

ÅâãåíèéÈîñèôîâè÷Òèìîøåíêî

Ïóñòü Γ êîíå÷íûé ïðîñòîé ãðàô íà ìíîæåñòâå âåðøèíX = {x1, . . . , xn}.
×àñòè÷íî êîììóòàòèâíàÿ ìåòàáåëåâà ãðóïïà SΓ çàäàíà ïðåäñòàâëå-
íèåì

SΓ =< x1, . . . , xn|[xi, xj ] = 1⇔ (xi, xj) ∈ Γ >

â ìíîãîîáðàçèè ìåòàáåëåâûõ ãðóïï.
Â äîêëàäå äëÿ ÷àñòè÷íî êîììóòàòèâíûõ ìåòàáåëåâûõ ãðóïï:
� íàéäåíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ äëÿ óíèâåðñàëü-

íîé ýêâèâàëåíòíîñòè â òîì ñëó÷àå, êîãäà îïðåäåëÿþùèå ãðàôû ÿâ-
ëÿþòñÿ äåðåâüÿìè;

� ïîëíîñòüþ îïèñàíû àííóëÿòîðû ýëåìåíòîâ èç êîììóòàíòà è äî-
êàçàí ðÿä èíòåðåñíûõ ñâîéñòâ êîììóòàíòà êàê ìîäóëÿ íàä êîëüöîì
ìíîãî÷ëåíîâ Ëîðàíà;

� ïîëó÷åíà êàíîíè÷åñêóþ çàïèñü ýëåìåíòîâ ãðóïïû;
� äîêàçàíà àïïðîêñèìèðóåìîñòü íèëüïîòåíòíûìè ãðóïïàìè áåç

êðó÷åíèÿ;
� èçó÷åíû öåíòðàëèçàòîðû ýëåìåíòîâ;
� ïîêàçàíî, ÷òî äâå ÷àñòè÷íî êîììóòàòèâíûå ìåòàáåëåâû ãðóïïû

èìåþò îäèíàêîâûå ýëåìåíòàðíûå òåîðèè òîãäà è òîëüêî òîãäà, êîãäà
îïðåäåëÿþùèå èõ ãðàôû èçîìîðôíû;

� äîêàçûâàåì, ÷òî òàêóþ ãðóïïó ìîæíî âëîæèòü â ìåòàáåëåâó
ãðóïïó ñ ðàçðåøèìîé óíèâåðñàëüíîé òåîðèåé.

ÅâãåíèéÈîñèôîâè÷Òèìîøåíêî,
Íîâîñèáèðñêèé ãîñóäàðñòâåííûé àðõèòåêòóðíî-ñòðîèòåëüíûé óíè-
âåðñèòåò, Íîâîñèáèðñê, Ðîññèÿ,
e-mail: etim@sibstrin.ru
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Àâòîìîðôèçìû ÷àñòè÷íî êîììóòàòèâíûõ íèëüïîòåíòíûõ

R-ãðóïï

ÀëåêñàíäðÂèêòîðîâè÷Òðåéåð

Ïóñòü R� ëèáî ïîëå íóëåâîé õàðàêòåðèñòèêè, ëèáî êîëüöî öå-
ëûõ ÷èñåë. Ïóñòü Γ� êîíå÷íûé ïðîñòîé (áåç êðàòíûõ ð¼áåð è ïå-
òåëü) ãðàô ñ ìíîæåñòâîì âåðøèí {x1, . . . , xn} è ìíîæåñòâîì ð¼áåð
E. Ïî ãðàôó Γ â ìíîãîîáðàçèè äâóñòóïåííî íèëüïîòåíòíûõ R-ãðóïï
ñòðîèòñÿ ÷àñòè÷íî êîììóòàòèâíàÿ ãðóïïà: GΓ = 〈x1, . . . , xn|[xi, xj ] =
1, (xi, xj) ∈ E〉N2,R

.
Â äîêëàäå áóäåò îïèñàíà ñòðóêòóðà ãðóïïû àâòîìîðôèçìîâ ãðóï-

ïûGΓ. Êðîìå òîãî, äëÿ ãðàôà Γ ïîñòðîåíà R-àðèôìåòè÷åñêàÿ ëèíåé-
íàÿ ãðóïïà H(Γ). Ãðóïïà H(Γ) ðåàëèçîâàíà êàê ãðóïïà ôàêòîðíûõ
àâòîìîðôèçìîâ ÷àñòè÷íî êîììóòàòèâíîé äâóñòóïåííî íèëüïîòåíò-
íîé R-ãðóïïû GΓ.

ÀëåêñàíäðÂèêòîðîâè÷Òðåéåð,
Îìñêèé ôèëèàë Èíñòèòóòà ìàòåìàòèêè ÑÎ ÐÀÍ, Îìñê, Ðîññèÿ,
e-mail: alexander.treyer@gmail.com
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Àíàëèç óñòîé÷èâîñòè ïîëîæåíèé ðàâíîâåñèÿ ìîäåëåé

äèíàìèêè ïîïóëÿöèé,

ïîäâåðæåííûõ âîçäåéñòâèþ âðåäíûõ âåùåñòâ

ÃàëèíàÅâãåíüåâíàÖàðåãîðîäöåâà

Ðàññìàòðèâàþòñÿ ìàòåìàòè÷åñêèå ìîäåëè äèíàìèêè ïîïóëÿöèé,
îñîáè êîòîðûõ ïîäâåðæåíû âîçäåéñòâèþ âðåäíûõ âåùåñòâ, ïîñòó-
ïàþùèõ â ñîñòàâå ðåñóðñîâ ïèòàíèÿ. Ïðåäïîëàãàåòñÿ, ÷òî ïðîäóêò
âçàèìîäåéñòâèÿ âðåäíûõ âåùåñòâ îêàçûâàåò íåãàòèâíîå âëèÿíèå íà
ïðîäîëæèòåëüíîñòü æèçíè îñîáåé ïîïóëÿöèè èëè íà ñêîðîñòü èõ ðå-
ïðîäóêöèè. Ñèñòåìà óðàâíåíèé ïåðâîé ìîäåëè èìååò âèä

ċi = ri − θi(ci)x− δi ci, 1 ≤ i ≤ k,

ẋ = β x− γx2 − θ(c1, . . . , ck)x, t > 0, (1)

cj(0) = c
(0)
j ≥ 0, 1 ≤ j ≤ k, x(0) = x(0) ≥ 0.

Âòîðàÿ ìîäåëü çàïèñûâàåòñÿ â ôîðìå

ċi = ri − θi(ci)x− δi ci, 1 ≤ i ≤ k,

ẋ = β g(ϕ(c1, . . . , ck))x− λx− γx2, t > 0, (2)

cj(0) = c
(0)
j ≥ 0, 1 ≤ j ≤ k, x(0) = x(0) ≥ 0.

Â óðàâíåíèÿõ (1), (2) ïðèíÿòû ñëåäóþùèå îáîçíà÷åíèÿ. Ïåðåìåííàÿ
ci = ci(t) îçíà÷àåò êîëè÷åñòâî âðåäíûõ âåùåñòâ i-ãî òèïà, x = x(t)�
÷èñëåííîñòü ïîïóëÿöèè â ìîìåíò âðåìåíè t, ôóíêöèÿ θi(ci) çàäà¼ò
ñêîðîñòü ïîòðåáëåíèÿ îäíîé îñîáüþ âðåäíûõ âåùåñòâ i�ãî òèïà, âõî-
äÿùèõ â ñîñòàâ ïèùåâûõ ðåñóðñîâ, 1 ≤ i ≤ k. Ôóíêöèÿ θ(c1, . . . , ck)
îïèñûâàåò ñêîðîñòü îáðàçîâàíèÿ ïðîäóêòà âçàèìîäåéñòâèÿ âðåäíûõ
âåùåñòâ, êîòîðûé ïðèâîäèò ê ïîâûøåíèþ èíòåíñèâíîñòè ñìåðòíî-
ñòè îñîáåé ïîïóëÿöèè. Ôóíêöèÿ g(u(t)) ó÷èòûâàåò ñíèæåíèå ðåïðî-
äóêòèâíîãî ïîòåíöèàëà îñîáåé çà ñ÷¼ò âëèÿíèÿ ïðîäóêòà âçàèìî-
äåéñòâèÿ âðåäíûõ âåùåñòâ, âåëè÷èíà êîòîðîãî çàäà¼òñÿ ôóíêöèåé
u(t) = ϕ(c1(t), . . . , ck(t)). Ïàðàìåòð β > 0� ìàêñèìàëüíàÿ ñêîðîñòü
ðåïðîäóêöèè îäíîé îñîáè áåç ó÷¼òà âëèÿíèÿ âðåäíûõ âåùåñòâ, γ >
0� êîíñòàíòà, îòðàæàþùàÿ èíòåíñèâíîñòü âçàèìîäåéñòâèÿ îñîáåé,
êîýôôèöèåíò λ > 0� èíòåíñèâíîñòü ïðîöåññîâ ìèãðàöèè è åñòå-
ñòâåííîé ñìåðòíîñòè îñîáåé ïîïóëÿöèè. Êîíñòàíòû ri > 0, δi > 0
çàäàþò ñîîòâåòñòâåííî ñêîðîñòè ïîñòóïëåíèÿ è ðàñïàäà âðåäíûõ âå-
ùåñòâ.
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Â ðàáîòå èññëåäîâàíû âîïðîñû ñóùåñòâîâàíèÿ, åäèíñòâåííîñòè è
íåîòðèöàòåëüíîñòè ðåøåíèé ìîäåëåé íà ïðîìåæóòêå t ∈ [0,∞). Ðàñ-
ñìîòðåíû âîïðîñû ñóùåñòâîâàíèÿ è óñòîé÷èâîñòè ïîëîæåíèé ðàâíî-
âåñèÿ. Ïîëó÷åíû óñëîâèÿ âûðîæäåíèÿ ïîïóëÿöèè è óñëîâèÿ, îáåñïå-
÷èâàþùèå ïîääåðæàíèå åå ÷èñëåííîñòè íà íåíóëåâûõ ñòàöèîíàðíûõ
óðîâíÿõ. Ïðèâåäåíû ðåçóëüòàòû âû÷èñëèòåëüíûõ ýêñïåðèìåíòîâ.

Ðåçóëüòàòû èññëåäîâàíèÿ óêàçûâàþò íà äîñòàòî÷íî ñëîæíóþ äè-
íàìèêó ïîïóëÿöèé, ðàçâèâàþùèõñÿ â óñëîâèÿõ ïîñòîÿííîãî âîçäåé-
ñòâèÿ âðåäíûõ âåùåñòâ. Ýôôåêò âîçäåéñòâèÿ ýòèõ âåùåñòâ ïðîÿâëÿ-
åòñÿ â ñóùåñòâîâàíèè íåñêîëüêèõ óñòîé÷èâûõ ñòàöèîíàðíûõ ðåæè-
ìîâ äèíàìèêè ïîïóëÿöèè, îäíèì èç êîòîðûõ ìîæåò ÿâëÿòüñÿ ðåæèì,
ñâÿçàííûé ñ âûðîæäåíèåì ïîïóëÿöèè.

Íà îñíîâå óðàâíåíèé (1), (2) ìîãóò áûòü ïîñòðîåíû ñòîõàñòè÷å-
ñêèå ìîäåëè â ôîðìå íåîäíîðîäíîãî íåëèíåéíîãî ñëó÷àéíîãî ïðî-
öåññà ðîæäåíèÿ è ãèáåëè.

Ðàáîòà ïîääåðæàíà ÑÎ ÐÀÍ (èíòåãðàöèîííûé ïðîåêò N 26).

ÃàëèíàÅâãåíüåâíàÖàðåãîðîäöåâà,
Îìñêèé ôèëèàë Èíñòèòóòà ìàòåìàòèêè ÑÎ ÐÀÍ, Îìñê, Ðîññèÿ,
e-mail: GalinaTsar@ya.ru
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Êîìïüþòåðíàÿ ðåàëèçàöèÿ êðèïòîñèñòåìû Ìàê-Ýëèñà,

ÂëàäèìèðÂèêòîðîâè÷Ôåäîñîâ

Áûëè ïîñòàâëåíû ñëåäóþùèå çàäà÷è:

1. Ïðîãðàììíî ðåàëèçîâàòü êðèïòîñèñòåìó Ìàê-Ýëèñà íà îñíîâå
Á×Õ-êîäîâ è êîäîâ Ðèäà-Ìàëëåðà.

2. Ñîçäàòü ïðîãðàììó äåìîíñòðàöèè êðèïòîñèñòåìû äëÿ îáðàáîò-
êè òåêñòîâîé èíôîðìàöèè.

Îïèñàíèå êðèïòîñèñòåìû Ìàê-Ýëèñà: Àáîíåíò ¾A¿ øèôðó-
åò ñåêðåòíîå ñîîáùåíèå I îòêðûòûì êëþ÷îì B è ïåðåäà¼ò åãî ïî êà-
íàëó ñâÿçè, ãäå îíî èñêàæàåòñÿ, àáîíåíòó ¾B¿. Ìàòðèöà B = L ·B ·P ,
ãäå L� íåâûðîæäåííàÿ ìàòðèöà, à P � ïåðåñòàíîâî÷íàÿ. Â ðåçóëü-
òàòå àáîíåíò ¾B¿ ïîëó÷àåò âåêòîð V = I ·B+e (e� âåêòîð îøèáîê).

Àáîíåíò ¾B¿, ïîëó÷èâ V , íàõîäèò V = V · P−1. Çàòåì ñ ïîìî-
ùüþ êàêîãî-ëèáî îáùåèçâåñòíîãî àëãîðèòìà äåêîäèðîâàíèÿ äëÿ êî-
äîâ èñïðàâëÿþùèõ îøèáêè îí íàõîäèò âåêòîð I = I · L, ïîñëå ÷åãî
âû÷èñëÿåò óæå ñàìî ñåêðåòíîå ñîîáùåíèå I = I · L−1.

Â ðåçóëüòàòå ïðîäåëàííîé ðàáîòû áûëè ðåàëèçîâàíû:

1. Êðèïòîñèñòåìà Ìàê-Ýëèñà, íà îñíîâå Á×Õ-êîäîâ è êîäîâ Ðèäà-
Ìàëëåðà.

2. Ïðîãðàììà äåìîíñòðàöèè êðèïòîñèñòåìû, îáðàáàòûâàþùàÿ òåê-
ñòîâóþ èíôîðìàöèþ.

ÂëàäèìèðÂèêòîðîâè÷Ôåäîñîâ,
Îìñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Îìñê, Ðîññèÿ,
e-mail: fedvov@mail.ru
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