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Binomial ring

A.G. Miasnikov, V.N. Remeslennikov. Isomorphisms and elementary

properties of nilpotent powered groups (1981)

De�nition

R is called a binomial ring, if R is Abelian domain of integrity, R
contains Z as subring and for any λ ∈ R and n ∈ N, binomial coe�cient

Cnλ =
λ(λ− 1)(λ− 2) . . . (λ− n+ 1)

n!

contains in R.

Examples: Z, Q, �eld of zero characterisitic, ring of polinoms over �eld
of zero characteristic.
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Nilpotent R-groups

A nilpotent group G of nilpotency class m is called a R-group if for any
x ∈ G and λ ∈ R there is a uniquely de�ned element xλ ∈ G and the
following axioms are satis�ed (x, y, x1, . . . , xn ∈ G,λ, µ ∈ R):

1 x1 = x, xλxµ = xλ+µ, (xλ)µ = xλµ.

2 y−1xλy = (y−1xy)λ.

3 xλ1 . . . x
λ
n = (x1, . . . xn)λτC

2
λ

2 (X) . . . τC
m
λ

m (X), where
X = {x1, . . . , xn}, τi(X) � i-th Petresco word. Recall that for each
k ∈ N, k-th Petrsco word is de�ned recursively by the relation:

xi1 . . . x
i
n = τ

C1
i

1 (X)τC
2
i

2 (X) . . . τC
i−1
i

i−1 (X)τC
i
i

i (X)

in the free group F with basis x1, . . . , xn. For example,

τ1(X) = x1x2 . . . xn, τ2(X) =
n∏

i<j, i,j=1

[xi, xj ] mod γ3(F ), where

γ3(F ) � third term of the lower central series of group F .
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Nilpotency class 2

We consider the case of nilpotent class 2 groups, i.e m = 2 in the
de�nition above. So, the axiom (3) looks in the following way

3
′
. xλ1 . . . x

λ
n = (x1, . . . xn)λτC

2
λ

2 (X), where τ2(x1, . . . , xn) =
n∏

i<j, i,j=1

[xi, xj ].

De�nition

G ∈ N2 if ∀x, y, z ∈ G [x, y, z] = [[x, y], z] = 1.

Denote by N2,R the variety of nilpotent class 2 R-groups.
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Finally, de�ne partially commutative nilpotent group in the variety N2,R:

GΓ = 〈X|RΓ〉N2,R ,

where RΓ = {[xi, xj ] = 1|∀(xi, xj) ∈ E(Γ)}〉N2,R .
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Normal form

Proposition

1 Quotient group GΓ = GΓ/G
′
Γ has linear vector space structure over

R with basis x1, . . . , xn.

2 Commutant G′Γ has linear vector space structure over R with basis

yij = [xi, xj ], where yij = [xi, xj ] 6= 1 in GΓ and i < j.

3 Any element g of GΓ can be uniquely presented in the following way

g = xα1
1 . . . xαnn

∏
yβklkl , (1)

where xi ∈ X, ykl = [xk, xl] 6= 1, k < l, and αi, βkl ∈ R.
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Compressed graph

A.J. Duncan, I.V. Kazachkov, V.N. Remeslennikov. Orthogonal systems

in �nite graphs

For any x, y ∈ X de�ne distance d(x, y) as minimum of all path length's
joining x and y. And d(x, y) =∞ if x, y aren't connected.

De�nition

Let x ∈ X, de�ne as x⊥ = {y ∈ X |d(x, y) ≤ 1}. Let x ∈ X, de�ne as

xo = {y ∈ X |d(x, y) = 1}
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De�nition

We write x ∼⊥ y, i� x⊥ = y⊥, and x ∼o y, i� xo = yo. Finally, x ∼ y i�

x ∼o y or x ∼⊥ y.

∼ - is equivalence relation on X. Let [x] = {y ∈ X|x ∼ y}.
Denote by Γcomp compressed graph with vertices set
Xcomp = {[x]|x ∈ X} and vertices [x] and [y] are joint i�, x and y joint
in the Γ.

Theorem (A.J. Duncan, I.V. Kazachkov, V.N. Remeslennikov)

Aut(Γ) has the following decomposition:

Aut(Γ) = (
∏

[x]∈Xc
S|[x]|) hAut(Γc).
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Partial order on X

A.J. Duncan, I.V. Kazachkov, V.N. Remeslennikov.

De�nition

For any x ∈ X, denote by ad(x) = (x⊥ \ x)⊥.

Lemma

Let x, y ∈ X, then the following holds:

1) if y ∈ ad(x), then ad(y) ⊆ ad(x);
2) for any x ∈ X, [x] ⊆ ad(x);
3) ad(x) = ad(y) i� [x] = [y];
4) for any s, t ∈ X such that s ∈ ad(x), t ∈ ad(y), if [x, y] = 1, then

[s, t] = 1.

De�ne partial order on X: we say that x <ad y i� ad(x) ( ad(y). We say
that x ≤ad y i� ad(x) ⊆ ad(y)
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R-authomorphisms

We de�ne the map φ on generating set X = {x1, . . . xn}:

φ(x1) = xα11
1 . . . xα1n

n c1,
. . .

φ(xn) = xαn1
1 . . . xαnnn cn,

(2)

where αi,j ∈ R, and ci ∈ G
′

Γ.

De�nition

Let G ∈ N2,R. The map φ : G 7→ G is called R-authomorpism, if

1) φ � group authomorphism;

2) for any x ∈ G and α ∈ R holds φ(gα) = φ(g)α.
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Theorem

Let GΓ ∈ N2,R with generating set X = {x1, . . . , xn}. Then the

following holds:

1) exists shortly exact sequence:

1 7→ IAut(GΓ) 7→ Aut(GΓ)
f7→ GL(n,R) 7→ 1,

where f � facrorization homomorphism, IAut(GΓ) = ker f ,
Autl(GΓ) = Imf � subgroup of factor authomorphisms in

GL(n,R);
2) IAut(GΓ) � abelian normal subgroup, isomorphic to G′Γ × . . .×G′Γ︸ ︷︷ ︸

n ðàç

;

3) generating set of Aut(GΓ) is union of generating set for Autl(GΓ)
and generating set for IAut(GΓ).
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Criterion to be an authomorphism

Theorem

The map φ : GΓ 7→ GΓ is R-authomorphism i� the next conditions holds:

1 Matrix [θ] = (αij), i, j = 1, . . . n is Γ - admissible matrix.

2 Column C =

c1
...

cn

 is any element of free R-module (G′Γ)n.
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Theorem

1 The projection map π : Autl(GΓ) 7→ Aut(Γc) is epimorphism. Let

kerπ = Aut0l (GΓ). Then Autl(GΓ) = Aut0l (GΓ) hAut(Γc).
2 Matrices from Aut0l (GΓ) are lower block-diagonal and

Aut0l (GΓ) = UT (GΓ) h V (Γ), where
UT (GΓ) = Aut0l (GΓ) ∩ UT (n,R), and UT (n,R) � group of lower

unitriangular matrices over R.

Alexander Treyer Automorphisms of partially commutative nilpotent R-groups.



Partially commutative nilpotent R-groups
Compressed graph and vertices ordering

Authomorphisms of free partially commutative groups.
Results

Decomposition of Aut(GΓ) to Autl(GΓ) and IAut(GΓ)
Structure of Autl(GΓ)
Arithmeticity of Autl(GΓ)

Contents

1 Partially commutative nilpotent R-groups
Nilpotent R-groups
Normal form for elements of GΓ

2 Compressed graph and vertices ordering
Compressed graph
Partial order on X

3 Authomorphisms of free partially commutative groups.

4 Results
Decomposition of Aut(GΓ) to Autl(GΓ) and IAut(GΓ)
Structure of Autl(GΓ)
Arithmeticity of Autl(GΓ)

Alexander Treyer Automorphisms of partially commutative nilpotent R-groups.



Partially commutative nilpotent R-groups
Compressed graph and vertices ordering

Authomorphisms of free partially commutative groups.
Results

Decomposition of Aut(GΓ) to Autl(GΓ) and IAut(GΓ)
Structure of Autl(GΓ)
Arithmeticity of Autl(GΓ)

Arithmeticity of Autl(GΓ)

Theorem

Let R is binomial ring containt in C. Then the group Autl(GΓ) is

arithmetical when R is Z or �eld of zero characterisic.
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The end
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