I E.l.Timoshenko, PARTIALLY COMMUTATIVE METABELIAN GROUPS

By a graph I" we mean a finite vertex set X = {z1,...,2,} on
which a binary adjacency relation is defined. If x; and x; are
adjacent vertices then we say that an edge (xi, :Cj) belongsto |’
and write (x;, ;) € I'. All graphs under consideration have no
loops, i.e., (xi, xz) ¢ ['forany 1 < 7 < n. In correspondence with
' is a free partially commutative group  Fr having the following

representation:
Fr = <X ’ Tilj = T;jT; <= (SEi, CI?j) c F>,

l.e., the commutativity relation holds iff x; and x; are adjacent

vertices. |
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Consider a variety M of groups. If to the defining relations of a
partially commutative group  FT we add identities of the variety we
obtain a partially commutative group Fp(./\/l) in M corresponding
to a graph I'. If M contains a variety of nilpotent groups of class

two then two vertices x; and x; in the group £ (M) commute iff
the two vertices are adjacent in the graph  1'. Therefore, it might be
Interesting to consider partially commutative metabelian groups

St and partially commutative nilpotent groups Nc,r of class ¢ > 2.

—
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In the variety A? of metabelian groups, a partially commutative

metabelian group is defined via the following representation:
SF: <$17...,l‘n ‘ [in,l'j]:1<:>(3?i, CIZ’j) EF,A2> (>|<)

If I' is an empty graph, then St is a free metabelian group.

—
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Assertion 1. The commutator subgroup .S’ of a free metabelian
group S with basis {x1,...,x,} is generated by commutators

1z, 2], 1 <1< j<n,asaZ(S/S")-module and is torsion free.
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Assertion 2. The commutator subgroup .S’ of a free metabelian

group S with basis {xl, . ,xn} Is a free Abelian group whose

basis is formed by elements  |z;, z;|P4t, where 1 < ¢ < 7 < n, and
s +1

piji are different monomials in variables PR o

X
Assertion 3. For every partially commutative metabelian group ST,

its abelization Sr /ST is a free Abelian group of finite rank  n.

—
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Assertion 4. Let Y = {x;1,...,x;,} be asubset of a vertex set
X ={xy,...,x,}. Then asubgroup generated by the set Y ina
partially commutative group St is a partially commutative
metabelian group isomorphicto S, where A is a complete

subgraph of I' on the vertex set Y. There is a retraction St — SA.

—
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For any nonadjacent vertices x; and x;, the ideal Azr’j ofaring Ais
defined as follows. If x; and x; are in distinct connected

components of the graph 1, i.e., the distance d(:z:i, :z:j) between
these vertices is equal to infinity, then we put A,Ej = 0. If d(z;, )
is finite then we consider all paths ~ {x;, i1, - . . , Tim, T } between
x; and x;. With every path we associate an element

(I — 1) ... (1 — 24,) ofthering  A. Assume A; ; is generated by

all such elements.

—
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Definition. Let ¢ be some element of the commutator subgroup S’F.
lts annihilator Ann c is an ideal in A consisting of all elements  «
with ¢ = 1.

THEOREM 1. Let a group ST be defined via representation () and
n > 2. If vertices x; and x; are not adjacent, i.e., |x;, x;] # 1, then

the annihilator of a commutator  [z;, ;| coincides with the ideal

I'
AL,

—



I E.l.Timoshenko, PARTIALLY COMMUTATIVE METABELIAN GROUPS

Definition. Let M be some A—module. A simple ideal P of the
commutative ring A called associated to the module M if exists an
element € A such that Ann(x) coincides with P.

Definition. The associator As(M ) of a module M is the set of all
associated to M ideals.

PROPOSITION 1. If for some element 1 # ¢ € S}, some integer m,
+1

n

and some o € Z[z1', ..., 2 we have o™ € Ann(c) then

a € Ann(c).

—
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THEOREM 2. If P € As(.Sr) then there are vertices {x;,, ..., ; }
of the graph 1’ such that the ideal P generated by the elements

l -2,y 1 —x; .

THEOREM 3. Let a;; = (x4, ..., %,), 1 < 7, be elements of a
ring A = Z(Sr/St), depending only on  x;, . .., z,, and « be any

element of A. Then the element

c= 11 [y, 5]

{i,j11<i<j<n, (z;,2,)¢C}

is equal to unity in the group St if and only if QO € AEj for all

Ckz'j. |
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COROLLARY 1. Every element g € Sr can be written in the form

_ In Qij
g=x{ ...2, || {:EZ-,SIZ]'] 7
{i,5]1<i<j<n,(z4,2,)¢}

where o;; = oaz-j(a:'z-, - ,fL’n), 1 < 7, are members of the ring
A = Z(Sr/S}), depending only on  x;, ..., x,, and 1, ... In are
integers. The element ¢ is equal to unity in St if and only if

Qi € AZ-FJ- for all «v;;, and all numbers [1,...,[n are zero.

—
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COROLLARY 2. Let ¢ be an element of the commutator subgroup

of a partially commutative metabelian group St and
c= H [miv gjj}&ij

:El]

be its canonical representation. An element o € Z[:Clil, R/ s

annihilates c if and only if « annihilates all factors  |z;, x|,

—
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THEOREM 4. Let X = {x1,...,x,} be a set of verticesin I'. An
element g of St lies in the centralizer C'(x) of an element xy in

the group St if and only if

A Im 7 F
g=u2xy...2, | | z;, 2], (15)
1<i<y<m
where o, ..., T,, are all vertices adjacentto x1,[1,...,[Im are

integers, and «;; are elements of A = Z(Sr/St).

—
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THEOREM 5. Suppose that a partially commutative metabelian
group St is defined via representation (),
1 <11 <...<wm < n,assume that ¢gl,...,gm are nonzero

integers, and write  C(g) for the centralizer of an element ¢ € St in

the commutator subgroup S’F. Then

m

—
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THEOREM 6. Partially commutative metabelian groups ST and Sa
are elementary equivalent if and only if graphs ['and A are
Isomorphic.

Definition. By the universal theory of a group (G we mean the
collection of all V—formulas true for G.

Definition. Two groups (G and H are universal equivalent if their
universal theories coincide.

Definition. The degree d(x;) a vertex x; of a graph I is the number
of the edges incidence to ;.

Definition. We call a vertex x; of a graph 1 the last vertex if

d(z;) = 1. |
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Notation. Let 1' be a graph. The graph 1™ is obtained from 1" by
removing all last vertices and edges incident to these vertices.
THEOREM 7. Let I'; and I’ be trees. The groups St, and St are
universal equivalent iff the graphs 1] and 15 are isomorphic.
COROLLARY 3. Let 1’y and 1’5 be trees. Then the isomorphism

problem is solvable for the groups ~ St, and Sr,.

—
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