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By a graph Γ we mean a finite vertex set X = {x1, . . . , xn} on

which a binary adjacency relation is defined. If xi and xj are

adjacent vertices then we say that an edge (xi, xj) belongs to Γ

and write (xi, xj) ∈ Γ. All graphs under consideration have no

loops, i.e., (xi, xi) 6∈ Γ for any 1 6 i 6 n. In correspondence with

Γ is a free partially commutative group FΓ having the following

representation:

FΓ = 〈X | xixj = xjxi ⇔ (xi, xj) ∈ Γ〉,

i.e., the commutativity relation holds iff xi and xj are adjacent

vertices.
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Consider a variety M of groups. If to the defining relations of a

partially commutative group FΓ we add identities of the variety we

obtain a partially commutative group FΓ(M) in M corresponding

to a graph Γ. If M contains a variety of nilpotent groups of class

two then two vertices xi and xj in the group FΓ(M) commute iff

the two vertices are adjacent in the graph Γ. Therefore, it might be

interesting to consider partially commutative metabelian groups

SΓ and partially commutative nilpotent groups Nc,Γ of class c > 2.
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In the variety A
2 of metabelian groups, a partially commutative

metabelian group is defined via the following representation:

SΓ = 〈x1, . . . , xn | [xi, xj] = 1 ⇔ (xi, xj) ∈ Γ; A2〉. (∗)

If Γ is an empty graph, then SΓ is a free metabelian group.
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Assertion 1. The commutator subgroup S ′ of a free metabelian

group S with basis {x1, . . . , xn} is generated by commutators

[xi, xj], 1 6 i < j 6 n, as a Z(S/S ′)-module and is torsion free.
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Assertion 2. The commutator subgroup S ′ of a free metabelian

group S with basis {x1, . . . , xn} is a free Abelian group whose

basis is formed by elements [xi, xj]
pijl , where 1 6 i < j 6 n, and

pijl are different monomials in variables x±1
i , . . . , x±1

n .

Assertion 3. For every partially commutative metabelian group SΓ,

its abelization SΓ/S ′
Γ is a free Abelian group of finite rank n.
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Assertion 4. Let Y = {xi1, . . . , xim} be a subset of a vertex set

X = {x1, . . . , xn}. Then a subgroup generated by the set Y in a

partially commutative group SΓ is a partially commutative

metabelian group isomorphic to S∆, where ∆ is a complete

subgraph of Γ on the vertex set Y . There is a retraction SΓ → S∆.
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For any nonadjacent vertices xi and xj , the ideal AΓ
i,j of a ring A is

defined as follows. If xi and xj are in distinct connected

components of the graph Γ, i.e., the distance d(xi, xj) between

these vertices is equal to infinity, then we put AΓ
i,j = 0. If d(xi, xj)

is finite then we consider all paths {xi, xi1, . . . , xim, xj} between

xi and xj . With every path we associate an element

(1 − xi1) . . . (1 − xim) of the ring A. Assume AΓ
i,j is generated by

all such elements.
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Definition. Let c be some element of the commutator subgroup S ′
Γ.

Its annihilator Ann c is an ideal in A consisting of all elements α

with cα = 1.

THEOREM 1. Let a group SΓ be defined via representation (∗) and

n > 2. If vertices xi and xj are not adjacent, i.e., [xi, xj] 6= 1, then

the annihilator of a commutator [xi, xj] coincides with the ideal

AΓ
ij .
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Definition. Let M be some A−module. A simple ideal P of the

commutative ring A called associated to the module M if exists an

element x ∈ A such that Ann(x) coincides with P.

Definition. The associator As(M) of a module M is the set of all

associated to M ideals.

PROPOSITION 1. If for some element 1 6= c ∈ S ′
Γ, some integer m,

and some α ∈ Z[x±1
1 , . . . , x±1

n ] we have αm ∈ Ann(c) then

α ∈ Ann(c).
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THEOREM 2. If P ∈ As(SΓ′) then there are vertices {xi1 , ..., xim}

of the graph Γ such that the ideal P generated by the elements

1 − xi1 , ..., 1 − xim .

THEOREM 3. Let αij = αij(xi, . . . , xn), i < j, be elements of a

ring A = Z(SΓ/S ′
Γ), depending only on xi, . . . , xn, and α be any

element of A. Then the element

c =
∏

{i,j|16i<j6n, (xi,xj)/∈Γ}

[xi, xj]
αijα

is equal to unity in the group SΓ if and only if αijα ∈ AΓ
i,j for all

αij .
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COROLLARY 1. Every element g ∈ SΓ can be written in the form

g = xl1
1 . . . xln

n

∏

{i,j|16i<j6n,(xi,xj)/∈Γ}

[xi, xj]
αij ,

where αij = αij(xi, . . . , xn), i < j, are members of the ring

A = Z(SΓ/S ′
Γ), depending only on xi, . . . , xn, and l1, . . . , ln are

integers. The element g is equal to unity in SΓ if and only if

αij ∈ AΓ
i,j for all αij , and all numbers l1, . . . , ln are zero.
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COROLLARY 2. Let c be an element of the commutator subgroup

of a partially commutative metabelian group SΓ and

c =
∏

{i,j|16i<j6n,(xi,xj)/∈Γ}

[xi, xj]
αij

be its canonical representation. An element α ∈ Z[x±1
1 , . . . , x±1

n ]

annihilates c if and only if α annihilates all factors [xi, xj]
αij .
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THEOREM 4. Let X = {x1, . . . , xn} be a set of vertices in Γ. An

element g of SΓ lies in the centralizer C(x1) of an element x1 in

the group SΓ if and only if

g = xl1
1 . . . xlm

m

∏

16i<j6m

[xi, xj]
αij , (15)

where x2, . . . , xm are all vertices adjacent to x1, l1, . . . , lm are

integers, and αij are elements of A = Z(SΓ/S ′
Γ).
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THEOREM 5. Suppose that a partially commutative metabelian

group SΓ is defined via representation (∗),

1 6 i1 < . . . < im 6 n, assume that q1, . . . , qm are nonzero

integers, and write C(g) for the centralizer of an element g ∈ SΓ in

the commutator subgroup S ′
Γ. Then

C(xq1
i1 . . . xqm

im ) = C(xi1) ∩ . . . ∩ C(xi1).
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THEOREM 6. Partially commutative metabelian groups SΓ and S∆

are elementary equivalent if and only if graphs Γ and ∆ are

isomorphic.

Definition. By the universal theory of a group G we mean the

collection of all ∀−formulas true for G.

Definition. Two groups G and H are universal equivalent if their

universal theories coincide.

Definition. The degree d(xi) a vertex xi of a graph Γ is the number

of the edges incidence to xi.

Definition. We call a vertex xi of a graph Γ the last vertex if

d(xi) = 1.
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Notation. Let Γ be a graph. The graph Γ∗ is obtained from Γ by

removing all last vertices and edges incident to these vertices.

THEOREM 7. Let Γ1 and Γ2 be trees. The groups SΓ1
and SΓ2

are

universal equivalent iff the graphs Γ∗
1 and Γ∗

2 are isomorphic.

COROLLARY 3. Let Γ1 and Γ2 be trees. Then the isomorphism

problem is solvable for the groups SΓ1
and SΓ2

.
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