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The first big theorem

Theorem. Let A be an equationally Noetherian algebra of the language
L and C be a finitely generated algebra of the same language. Then the
following conditions are equivalent. skBuBaneHTHbI:

1) Thy(A) C Thy(C), i.e C € ucl(A);
2) Tha(A) 2 Tha(C);
3) C is embedded into an ultrapower of A;
4) C'is discriminated by A;
5)
)

6) C is determined by a complete atomic type of the theory Thy(A) of
the language £;

C'is a limit algebra over A;

7) C'is a coordinate algebra of nonempty irreducible algebraic set over
A and this set is described by a system of equations over t.

Each algebra which satisfies this theorem is called u,,-compact. Further
we give the equivalent definition of u,-compact algebra.
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. and the second one

Theorem. Let A be an equationally Noetherian algebra of the language
L and C be a finitely generated algebra of the same language. Then the
following conditions are equivalent.

1) C € gvar(A), i.e. Thei(A) C Thei(C);

2) C € pvar(A);

3) C'is embedded into direct product of algebra A;

4) C is separated by A;

5") C is subdirectly embedded into direct sum of limit algebras over A;

)

6) C'is determined by a complete atomic type of the theory T'hq;(.A) of

the language £;

7) C'is a coordinate algebra of nonempty algebraic set over A and this
set is described by a system of equations over L.

Each algebra which satisfies this theorem is called q.,-compact. Further
we give the equivalent definition of ¢,-compact algebra.
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The problems formulated by VNR (a history)

m VNR: Try to distinguish classes of q,,u,-compact and equationally
Noetherian algebras. (The solution is due to M. Kotov).
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The problems formulated by VNR (a history)

m VNR: Try to distinguish classes of q,,u,-compact and equationally
Noetherian algebras. (The solution is due to M. Kotov).

m VNR (at the next day): Try to distinguish classes of q,,u,,-compact
and equationally Noetherian over standard algebraic systems
(groups, semigroups...)

Artem Shevlyakov Omsk Branch of Institute of Mathematics

Commutative idempotent semigroups in the universal algebraic geometry (KommyTaTueHsie nonyrpynnel B yHusepcansHoii anreGpan



Commutative idempotent semigroups

Semigroup is a set with binary associative operations. A semigroup is
called commutative (idempotent) if VaVy xy = yx (Vo xx = x). One
can define the partial order over an idempotent semigroup

r<ysry==2x.

lMonyrpynnosi Ha3biBaeTcs anrebpanyeckas CUCTEMa C aCCOLMATUNBHON
GuiHapHoii onepauweii. [onyrpynna kommyTaTusHa, ecnun st noboii
napbl €é 31eMeHTOB I, i BbIMOJIHEHO COOTHOWeHMne xy = yx. [lonyrpynna
Ha3bIBAETCA UAEMIOTEHTHOM, €CNn AN €€ Ntoboro snemeHTa x
CNpaBea/INBO PaBEHCTBO XL = .

Ha anemenTax naemMnoTeHTHOI Nonyrpynmnbl onpeaenéH 4acTu4Hbli
nopsifok
r<y&ay=uz.
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The Lattices of the elements of idempotent semigroups
(peluéTkn 3N1eMEHTOB AEMMOTEHTHbBIX MONYrpynn)
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The definitions of semigroups (onpeaenexne nonyrpynn)

A1 = ({ng,ny1,n9,...,nx}; 500,01, N9, ..., Ns),
Az = ({e;} U{E;}; - {ei}),
Az = ({e;} U{vi} U{E:}; s {ei}).
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The representations of the semigroups A; (npeacrtasnenus

nonyrpynn A;)

The semigroups A; are embedded into direct product of the semigroup
F = ({0,1};-;0,1) (nonyrpynnsl A; BKI1aAbIBAlOTCS B AEKAPTOBY CTEMEHb
nonyrpynnsl F = ({0,1};+;0,1))

Vi
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11...100...
——
i times
00...000...
00...000...
11...100...
—
i times
00...100...
00...000...
11...111...
11...111...
11...100...
—
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Terms (Tepmbi)

Each term t(X) over semigroups .A; can be written in the equivalent form

HX) = xy? .. aon

ncﬂ

where a; € {0,1} and c is a constant of the algebraic system A,.
A term which does not contain constants is called coefficient-free. A
coefficient-free term with «; = 0 for all 7 is called empty.

Kaxabiii Tepm t(X) Haa nonyrpynnoii A; 3KBMBaneHTeH TepMy BuAa
HX) = 2s? .. anrce,

roe «; € {0,1}, ¢ koHcTanTa anrebpaundeckoin cuctemsl A;.

Tepm, B 3annCb KOTOPOro HE BXOANT KOHCTaHTa, Bysem HasbiBaThb
beckoappuumenTHbim. BeckoadbbuyneHTHbIR Tepm, AN KOTOPOro BCe
yncna «; paBHbl HyO ByAeM Ha3bIBaTb MYCThIM.
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Equations (ypasHeHus)

An equation over the semigroup A; is an atomic formula

t(X)c = s(X)c, rpe t(X), s(X) — coefficient-free terms. Remind that
the terms ¢(X), s(X) can be empty, and the constants can be omitted in
one or both parts of equation.

The system of equations is an arbitrary set of equations. The solution of
a system S over A; is denoted as V 4, (S).

Two systems are called equivalent over A; if they have the same solution.

Vpasuennem nag nonyrpynnoii A; 6ynem HasbiBaTb aTOMapHYHO
dopmyny t(X)c = s(X)c', rae t(X), s(X) — beckoadbpuLneHTHble
Tepmbl, ¢, ¢’ — KOHCTaHTbI anrebpanyeckoli cuctemsl A;. 3ametum, 4To
Tepmbl £(X), s(X) MOryT ObITb NMyCTbIMU, @ KOHCTAHTbI MOTYT
OTCYTCTBOBaTb B OAHON wan obonx Yactsx ypasHeHus. Cuctemoii
ypasHeHuii 6yaeM HasblBaTb NPON3BOJIbHOE MHOXKECTBO YpaBHEHWIA.
Pewenne cuctembr ypasHenuii S Hag nonyrpynnoii A; bynem 0603HaqaTh
vepes V 4, (S). Cucrembl ypaBHenuit Oyaem HasbiBaTb IKBUBAJIEHTHbLIMU
Hag nonyrpynnoii A;, €Cin MHOXECTBA X PELUEHNiA HAA 3TONA
noayrpynnou COBMafaroT.
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Noetherian property (HéTepoBoCTb MO ypaBHeHNsIM )

A semigroup A is called equationally Noetherian if for each system S
depending on the variables X = {z1,...,2,} there exists a finite
subsystem equivalent to S.

Monyrpynna A Ha3biBaeTcs HETEPOBOU NO YPaBHEHUSIM, ecnn anst ntoboti

cuctembl ypaBHeHuid S (B TOM YUCE 1 HECOBMECTHOM) OT NEPEMEHHbBIX
X ={z1,...,2,} CylWecTBYeT KOHEYHAS NOACUCTEMA, SKBUBANEHTHas S.
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...and its generalizations (... n eé 0bobueHns)

The semigroup A is called weakly Noetherian if for each systems S

depending on variables X = {x1,...,x,} there exists a finite systems S
which is equivalent to S (here we do not assume S; to be a subsystem of
S).

Monyrpynna A HasbiBaetcsi ¢1a60 HETEPOBOI MO ypaBHEHUAM, €CNA ANS
noboii cuctembl ypasHeHnii S ot nepementbix X = {z1,...,2,}
CyLLeCTBYET KOHedHasi cuctema (He obsizaTensHo cogepxawasics B S),
9KBMBasIeHTHas S.
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...and its generalizations (... n eé 0bobueHns)

The semigroup A is called q,,-compact if for each systems S depending
on variables X = {z1,...,2,} and for an equation ¢(X) = s(X) such
that V4(S) C V4(t(X) = s(X)) there exists a finite systems Sy with
Va(So) CVAt(X) = s(X)).

Monyrpynna A Ha3biBaeTcs q,-KOMMIAKTHOM, ecnn ans noboli cncremsl
ypagHeHuii S ot nepemenHbix X = {z1,...,2,} n noboro ypasHeHus
t(X) = s(X) Takoro, 4to V4(S) C VA(tH(X) = s(X)) cywectsyer
KOHeuHast nogcuctema Sy Takas, 4To V 4(Sp) C V4(¢H(X) = s(X)).
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...and its generalizations (... n eé 0bobueHns)

The semigroup A is called u,-compact if for each systems S depending
on variables X = {z1,...,2,} and for equations
t1(X) = $1(X), ..., t;m(X) = $m(X) such that

Va(S) C UL Valti(X) = si(X)),
there exists a finite systems Sy with
Va(So) € UL Va(ti(X) = si(X)).
Monyrpynna A Ha3bIBaeTCs U,,-KOMNAKTHOM, ecnn ans ntoboli cucremsl

ypasHeHuii S oT nepemenHblx X = {x1,...,%,} n 10OOro KOHeYHOro
Habopa ypasHenuii t;(X) = s;(X) (1 < ¢ < m) Takmx, 4TO

Va(S) CUZL Va(ti(X) = si(X)),
CyLLleCTByeT KOHe4YHaA nogcucrtemMa SO TakKas, 41O
Va(So) C UL Va(ti(X) = si(X)).
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The comparison with abelian groups (cpasretue c
abenesbiMu rpynnamn)

Theorem. All abelian groups over the language £ = (+,—;0,C) are
equationally Noetherian (C is an arbitrary set of constants).

Teopema. Bce abeneBbl rpynmbl siBASIIOTCS HETEPOBLIMI MO YPABHEHNSIM
B si3bike L = (4, —;C), rae C — Npon3BONbHOE MHOXECTBO KOHCTaHT.
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Equationally Noetherian commutative idempotent
semigroups (HETEpOBbIE NO YPaBHEHUSIM KOMMYTATUBHbIE
MOEMMOTEHTHbLIE MOYTpPymMbl)

Theorem. Let the set S be a commutative idempotent semigroup. Then
the algebraic system A = (S;-) is equationally Noetherian.

Teopema. lNycts MHOXeCTBO S 0OpasyeT KOMMYTaTUBHYIO
NAEMNOTEHTHYIO NOAYFPYRNy OTHOCUTENLHO onepauun -. Toraa
anrebpamnyeckas cucrema A = (S;-) aenserca HETepOBON NoO
YPaBHEHUAM.
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Quasi-Equationally Noetherian commutative idempotent
semigroups (HETEpOBbIE NO YPaBHEHUSIM KOMMYTATUBHbIE
MOEMMOTEHTHbLIE MOYTpPymMbl)

Recall that for equationally Noetherian semigroup all systems (including
unsolvable) must have an equivalent finite systems. The definition: "A
semigroup is equationally Noetherian if each solvable system has
equivalent finite subsystem"is not equivalent to the first one. Since it
easy to construct a commutative semigroup Ay such that

1) there exist an unsolvable system S over Ag such that all finite
subsystems of S have a solution;

2) all solvable systems over A, are equivalent to their finite subsystems.

[na HéTepoBoii NO ypaBHEHUSIM MOAYTPYNMbl BCE, B TOM HUCIE 1
HECOBMECTHbIE CUCTEMbI YPAaBHEHUI 3KBUBANEHTHbI CBOE KOHEYHON
nogcucteme. Onpegenenne: "Monyrpynna HéTepoBa NO ypaBHEHUSIM,
€CNIN KaXkJas COBMECTHAsl CUCTEMA HAf Heli MMeeT 3KBUBAJIEHTHYIO
KOHEYHOIO MOACUNCTEMbI"HE 3KBNBAJIEHTHO NCXOLHOMY.

Artem Shevlyakov Omsk Branch of Institute of Mathematics

Commutative idempotent semigroups in the universal algebraic geometry (KommyTaTueHsie nonyrpynnel B yHusepcansHoii anreGpan



Ordered systems (ynopsigoueHrHsle cncremsi)

An INFINITE system {¢t(X)ay, = s(X)by|k € K} is called ordered if
coefficient-free terms ¢(X), s(X) (we admit the terms t(X), s(X) to be
empty) occur in each equation and moreover the one of the following
conditions holds:

ay < by for all equations;
ay > by, for all equations;
a; = by, for all equations;
each equation has a view ¢(X)a;, = s(X);
each equation has a view ¢(X) = s(X)by.
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It is easy to solve an ordered system {¢(X)a, = s(X)bg|k € K}.

Introduce new variables x = ¢(X),y = s(X) and solve the system with
two variables.

yl'lOpSlﬂO'-IeHHble CUCTEMBbI CBOAATCA K CUCTEMAM OT ABYX NEpPEMEHHbIX.
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Lemma Let S be an infinite system over the semigroup A; and S
depends on the variables X = {z1,...,2,}. Then S can be decomposed
into a finite union of its subsystems

S§=8USU...US,US,
where S; are ordered and S s finite.

Jlemma MMycte S — BeckoHedHas CMCTeMa ypaBHEHWIA Hag NOAYrpynnol
A; ot nepementbix X = {x1,...,2,}. Torga S npegcrasuma B Buge
KOHEYHOro obbefuHEH NS CBOMX NOACUCTEM

S§=8USU...US,US,

rae S; — ynopsifo4YeHHble, a S — KOHEYHasi CUCTEMA.
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Semigroup A,

Theorem. A; is weakly Noetherian, but not equationally Noetherian.

Teopema. KommyTtatueHasi nonyrpynna A; cnaba HéTepoBa, HO He
SIBNSIETCS HETEPOBOW MO YpPaBHEHUSIM.

Hint: S = {zn; = z|i e N} = {& <mn;|i € N}, V4, = {noo}-
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Semigroup A»

Theorem. A is u,-compact (and obviously q,-compact) but it is not
equationally Noetherian.

Teopema. KommyTaTtushas nonyrpynna As u,-komnaktHa (u,

CNeOBATENBHO, (,~KOMMAKTHA), HO He SIBASIETCS HETEPOBOI NO
YPaBHEHUSAM.

Hint: S = {ze; = e;|i € N} = {z > ¢;|i € N}, V4, = {z|z > Ep}.
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Semigroup As

Teopema. Aj is q,-compact, but not u,-compact.

Teopema. KommyTaTtueHas nonyrpynna As ,,-KOMMNAKTHA, HO HE
ABNSETCS U,,~KOMMNAKTHOIA.

Hint: S = {xei =e€;,ye; = ei|i S N} with
Va, ={(z,y)|lx > Eo,y > Eo}.
VA3(S) - VA3 (.’IZ < y) U VA3(£Z7 > y)
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Evelina’s will: the definitions of q,,-compactness

Initial definition. The semigroup A is called q,-compact if for each
systems S depending on variables X = {z1,...,z,} and for an equation
t(X) = s(X) such that V4(S) C VA(t(X) = s(X)) there exists a finite
systems Sy with V 4(Sp) C V4(#(X) = s(X)).

Formula definition. A semigroup is called q,-compact if for each
formula

Var.. . Va, [\ tz) =s@) — to(@) = s0()
(t=s)eS

which is satisfied by semigroup A there exist a finite subsystem S, C S
such that the formula

V... Va, /\ t(z) = s(Z) — to(T) = s0(T)
(t=s)€S.

holds at A.
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The q,-compactness of the semigroup .A means that for an arbitrary
number n, a set S of atomic formulas and an arbitrary atomic formula
(to = sp) of the language L the set

SU{=(to = s0)}

is a compact. In other words, the satisfiability of each finite subset of S
at A implies the satisfiability of the whole set S.
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Evelina’s will: the definitions of u,-compactness

Initial definition. The semigroup A is called u,-compact if for each
systems S depending on variables X = {z1,...,2,} and for equations
t1(X) = $1(X), ..., t;m(X) = $m(X) such that

Va(S) € UL Va(ti(X) = si(X)),
there exists a finite systems Sy with
Va(So) € UL Va(ti(X) = si(X)).

Formula definition. A semigroup is called q,,-compact if for each infinite
formula

which is satisfied by semigroup A there exist a finite subsystem S. C S
such that the formula
Vay.. . Va, [\ t@) =s@) - \/tl

(t=s)€S, i=1
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The q,-compactness of the semigroup .A means that for an arbitrary
number n, set S of atomic formulas and an arbitrary atomic formulas
(t1 = 51),. .., (tm = Sm) of the language L the set

S U {—'(tl = 81), ey —|(tm = Sm)}

is a compact. In other words, the satisfiability of each finite subset of S
at A implies the satisfiability of the whole set S.
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KONEC (33 3HA).

Artem Shevly. ute of Mathem

Commutative idempotent semigroups in the universal algebr. MyTaTUBHbIE NONYrpynnel B yHUBepcanbHoii anrebpan



