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The �rst big theorem

Theorem. Let A be an equationally Noetherian algebra of the language
ℒ and C be a �nitely generated algebra of the same language. Then the
following conditions are equivalent. ýêâèâàëåíòíû:

1) Tℎ∀(A) ⊆ Tℎ∀(C), i.e C ∈ ucl(A);

2) Tℎ∃(A) ⊇ Tℎ∃(C);

3) C is embedded into an ultrapower of A;
4) C is discriminated by A;
5) C is a limit algebra over A;
6) C is determined by a complete atomic type of the theory Tℎ∀(A) of

the language ℒ;
7) C is a coordinate algebra of nonempty irreducible algebraic set over
A and this set is described by a system of equations over L̷.

Each algebra which satis�es this theorem is called u!-compact. Further
we give the equivalent de�nition of u!-compact algebra.
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... and the second one

Theorem. Let A be an equationally Noetherian algebra of the language
ℒ and C be a �nitely generated algebra of the same language. Then the
following conditions are equivalent.

1) C ∈ qvar(A), i.e. Tℎqi(A) ⊆ Tℎqi(C);

2) C ∈ pvar(A);

3) C is embedded into direct product of algebra A;
4) C is separated by A;
5') C is subdirectly embedded into direct sum of limit algebras over A;
6) C is determined by a complete atomic type of the theory Tℎqi(A) of

the language ℒ;
7) C is a coordinate algebra of nonempty algebraic set over A and this

set is described by a system of equations over ℒ.
Each algebra which satis�es this theorem is called q!-compact. Further
we give the equivalent de�nition of q!-compact algebra.
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The problems formulated by VNR (a history)

VNR: Try to distinguish classes of q!,u!-compact and equationally
Noetherian algebras. (The solution is due to M. Kotov).

VNR (at the next day): Try to distinguish classes of q!,u!-compact
and equationally Noetherian over standard algebraic systems
(groups, semigroups...)
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The problems formulated by VNR (a history)

VNR: Try to distinguish classes of q!,u!-compact and equationally
Noetherian algebras. (The solution is due to M. Kotov).
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and equationally Noetherian over standard algebraic systems
(groups, semigroups...)
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Commutative idempotent semigroups
Semigroup is a set with binary associative operations. A semigroup is
called commutative (idempotent) if ∀x∀y xy = yx (∀x xx = x). One
can de�ne the partial order over an idempotent semigroup

x ≤ y ⇔ xy = x.

Ïîëóãðóïïîé íàçûâàåòñÿ àëãåáðàè÷åñêàÿ ñèñòåìà ñ àññîöèàòèâíîé
áèíàðíîé îïåðàöèåé. Ïîëóãðóïïà êîììóòàòèâíà, åñëè äëÿ ëþáîé
ïàðû å¼ ýëåìåíòîâ x, y âûïîëíåíî ñîîòíîøåíèå xy = yx. Ïîëóãðóïïà
íàçûâàåòñÿ èäåìïîòåíòíîé, åñëè äëÿ å¼ ëþáîãî ýëåìåíòà x
ñïðàâåäëèâî ðàâåíñòâî xx = x.

Íà ýëåìåíòàõ èäåìïîòåíòíîé ïîëóãðóïïû îïðåäåë¼í ÷àñòè÷íûé
ïîðÿäîê

x ≤ y ⇔ xy = x.

Artem Shevlyakov Omsk Branch of Institute of Mathematics

Commutative idempotent semigroups in the universal algebraic geometry (Êîììóòàòèâíûå ïîëóãðóïïû â óíèâåðñàëüíîé àëãåáðàè÷åñêîé ãåîìåòðèè)



The Lattices of the elements of idempotent semigroups
(ðåø¼òêè ýëåìåíòîâ èäåìïîòåíòíûõ ïîëóãðóïï)
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The de�nitions of semigroups (îïðåäåëåíèå ïîëóãðóïï)

A1 = ⟨{n0,n1,n2, . . . ,n∞}; ⋅;n0,n1,n2, . . . ,n∞⟩,
A2 = ⟨{ei} ∪ {Ei}; ⋅; {ei}⟩,

A3 = ⟨{ei} ∪ {vi} ∪ {Ei}; ⋅; {ei}⟩.
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The representations of the semigroups Ai (ïðåäñòàâëåíèÿ
ïîëóãðóïï Ai)

The semigroups Ai are embedded into direct product of the semigroup
F = ⟨{0, 1}; ⋅; 0, 1⟩ (ïîëóãðóïïû Ai âêëàäûâàþòñÿ â äåêàðòîâó ñòåïåíü
ïîëóãðóïïû F = ⟨{0, 1}; ⋅; 0, 1⟩)

ei =

⎛⎜⎜⎝
11 . . . 1︸ ︷︷ ︸
i times

00 . . .

00 . . . 000 . . .
00 . . . 000 . . .

⎞⎟⎟⎠ (i ≥ 0)

vi =

⎛⎜⎜⎝
11 . . . 1︸ ︷︷ ︸
i times

00 . . .

00 . . . 100 . . .
00 . . . 000 . . .

⎞⎟⎟⎠ (i ≥ 0)

Ei =

⎛⎜⎜⎝
11 . . . 111 . . .
11 . . . 111 . . .
11 . . . 1︸ ︷︷ ︸
i times

00 . . .

⎞⎟⎟⎠ (i ≥ 0)
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Terms (òåðìû)

Each term t(X̄) over semigroups Ai can be written in the equivalent form

t(X) = x�1
1 x�2

2 . . . x�n
n c,

where �i ∈ {0, 1} and c is a constant of the algebraic system Ai.
A term which does not contain constants is called coe�cient-free. A
coe�cient-free term with �i = 0 for all i is called empty.

Êàæäûé òåðì t(X̄) íàä ïîëóãðóïïîé Ai ýêâèâàëåíòåí òåðìó âèäà

t(X) = x�1
1 x�2

2 . . . x�n
n c,

ãäå �i ∈ {0, 1}, c êîíñòàíòà àëãåáðàè÷åñêîé ñèñòåìû Ai.
Òåðì, â çàïèñü êîòîðîãî íå âõîäèò êîíñòàíòà, áóäåì íàçûâàòü
áåñêîýôôèöèåíòíûì. Áåñêîýôôèöèåíòíûé òåðì, äëÿ êîòîðîãî âñå
÷èñëà �i ðàâíû íóëþ áóäåì íàçûâàòü ïóñòûì.
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Equations (óðàâíåíèÿ)
An equation over the semigroup Ai is an atomic formula
t(X)c = s(X)c′, ãäå t(X), s(X) � coe�cient-free terms. Remind that
the terms t(X), s(X) can be empty, and the constants can be omitted in
one or both parts of equation.
The system of equations is an arbitrary set of equations. The solution of
a system S over Ai is denoted as VAi(S).
Two systems are called equivalent over Ai if they have the same solution.

Óðàâíåíèåì íàä ïîëóãðóïïîé Ai áóäåì íàçûâàòü àòîìàðíóþ
ôîðìóëó t(X)c = s(X)c′, ãäå t(X), s(X) � áåñêîýôôèöèåíòíûå
òåðìû, c, c′ � êîíñòàíòû àëãåáðàè÷åñêîé ñèñòåìû Ai. Çàìåòèì, ÷òî
òåðìû t(X), s(X) ìîãóò áûòü ïóñòûìè, à êîíñòàíòû ìîãóò
îòñóòñòâîâàòü â îäíîé èëè îáîèõ ÷àñòÿõ óðàâíåíèÿ.Ñèñòåìîé
óðàâíåíèé áóäåì íàçûâàòü ïðîèçâîëüíîå ìíîæåñòâî óðàâíåíèé.
Ðåøåíèå ñèñòåìû óðàâíåíèé S íàä ïîëóãðóïïîé Ai áóäåì îáîçíà÷àòü
÷åðåç VAi

(S). Ñèñòåìû óðàâíåíèé áóäåì íàçûâàòü ýêâèâàëåíòíûìè

íàä ïîëóãðóïïîé Ai, åñëè ìíîæåñòâà èõ ðåøåíèé íàä ýòîé
ïîëóãðóïïîé ñîâïàäàþò.

Artem Shevlyakov Omsk Branch of Institute of Mathematics

Commutative idempotent semigroups in the universal algebraic geometry (Êîììóòàòèâíûå ïîëóãðóïïû â óíèâåðñàëüíîé àëãåáðàè÷åñêîé ãåîìåòðèè)



Noetherian property (í¼òåðîâîñòü ïî óðàâíåíèÿì)

A semigroup A is called equationally Noetherian if for each system S
depending on the variables X = {x1, . . . , xn} there exists a �nite
subsystem equivalent to S.

Ïîëóãðóïïà A íàçûâàåòñÿ í¼òåðîâîé ïî óðàâíåíèÿì, åñëè äëÿ ëþáîé
ñèñòåìû óðàâíåíèé S (â òîì ÷èñëå è íåñîâìåñòíîé) îò ïåðåìåííûõ
X = {x1, . . . , xn} ñóùåñòâóåò êîíå÷íàÿ ïîäñèñòåìà, ýêâèâàëåíòíàÿ S.
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...and its generalizations (... è å¼ îáîáùåíèÿ)

The semigroup A is called weakly Noetherian if for each systems S
depending on variables X = {x1, . . . , xn} there exists a �nite systems S0
which is equivalent to S (here we do not assume S0 to be a subsystem of
S).

Ïîëóãðóïïà A íàçûâàåòñÿ ñëàáî í¼òåðîâîé ïî óðàâíåíèÿì, åñëè äëÿ
ëþáîé ñèñòåìû óðàâíåíèé S îò ïåðåìåííûõ X = {x1, . . . , xn}
ñóùåñòâóåò êîíå÷íàÿ ñèñòåìà (íå îáÿçàòåëüíî ñîäåðæàùàÿñÿ â S),
ýêâèâàëåíòíàÿ S.
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...and its generalizations (... è å¼ îáîáùåíèÿ)

The semigroup A is called q!-compact if for each systems S depending
on variables X = {x1, . . . , xn} and for an equation t(X) = s(X) such
that VA(S) ⊆ VA(t(X) = s(X)) there exists a �nite systems S0 with
VA(S0) ⊆ VA(t(X) = s(X)).

Ïîëóãðóïïà A íàçûâàåòñÿ q!-êîìïàêòíîé, åñëè äëÿ ëþáîé ñèñòåìû
óðàâíåíèé S îò ïåðåìåííûõ X = {x1, . . . , xn} è ëþáîãî óðàâíåíèÿ
t(X) = s(X) òàêîãî, ÷òî VA(S) ⊆ VA(t(X) = s(X)) ñóùåñòâóåò
êîíå÷íàÿ ïîäñèñòåìà S0 òàêàÿ, ÷òî VA(S0) ⊆ VA(t(X) = s(X)).
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...and its generalizations (... è å¼ îáîáùåíèÿ)
The semigroup A is called u!-compact if for each systems S depending
on variables X = {x1, . . . , xn} and for equations
t1(X) = s1(X), . . . , tm(X) = sm(X) such that

VA(S) ⊆ ∪mi=1VA(ti(X) = si(X)),

there exists a �nite systems S0 with

VA(S0) ⊆ ∪mi=1VA(ti(X) = si(X)).

Ïîëóãðóïïà A íàçûâàåòñÿ u!-êîìïàêòíîé, åñëè äëÿ ëþáîé ñèñòåìû
óðàâíåíèé S îò ïåðåìåííûõ X = {x1, . . . , xn} è ëþáîãî êîíå÷íîãî
íàáîðà óðàâíåíèé ti(X) = si(X) (1 ≤ i ≤ m) òàêèõ, ÷òî

VA(S) ⊆ ∪mi=1VA(ti(X) = si(X)),

ñóùåñòâóåò êîíå÷íàÿ ïîäñèñòåìà S0 òàêàÿ, ÷òî

VA(S0) ⊆ ∪mi=1VA(ti(X) = si(X)).
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The comparison with abelian groups (ñðàâíåíèå ñ
àáåëåâûìè ãðóïïàìè)

Theorem. All abelian groups over the language ℒ = ⟨+,−; 0, C⟩ are
equationally Noetherian (C is an arbitrary set of constants).

Òåîðåìà. Âñå àáåëåâû ãðóïïû ÿâëÿþòñÿ í¼òåðîâûìè ïî óðàâíåíèÿì
â ÿçûêå ℒ = ⟨+,−; C⟩, ãäå C � ïðîèçâîëüíîå ìíîæåñòâî êîíñòàíò.
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Equationally Noetherian commutative idempotent
semigroups (í¼òåðîâûå ïî óðàâíåíèÿì êîììóòàòèâíûå
èäåìïîòåíòíûå ïîëóãðóïïû)

Theorem. Let the set S be a commutative idempotent semigroup. Then
the algebraic system A = ⟨S; ⋅⟩ is equationally Noetherian.

Òåîðåìà. Ïóñòü ìíîæåñòâî S îáðàçóåò êîììóòàòèâíóþ
èäåìïîòåíòíóþ ïîëóãðóïïó îòíîñèòåëüíî îïåðàöèè ⋅. Òîãäà
àëãåáðàè÷åñêàÿ ñèñòåìà A = ⟨S; ⋅⟩ ÿâëÿåòñÿ í¼òåðîâîé ïî
óðàâíåíèÿì.
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Quasi-Equationally Noetherian commutative idempotent
semigroups (í¼òåðîâûå ïî óðàâíåíèÿì êîììóòàòèâíûå
èäåìïîòåíòíûå ïîëóãðóïïû)

Recall that for equationally Noetherian semigroup all systems (including
unsolvable) must have an equivalent �nite systems. The de�nition: "A
semigroup is equationally Noetherian if each solvable system has
equivalent �nite subsystem"is not equivalent to the �rst one. Since it
easy to construct a commutative semigroup A0 such that
1) there exist an unsolvable system S over A0 such that all �nite
subsystems of S have a solution;
2) all solvable systems over A0 are equivalent to their �nite subsystems.

Äëÿ í¼òåðîâîé ïî óðàâíåíèÿì ïîëóãðóïïû âñå, â òîì ÷èñëå è
íåñîâìåñòíûå ñèñòåìû óðàâíåíèé ýêâèâàëåíòíû ñâîåé êîíå÷íîé
ïîäñèñòåìå. Îïðåäåëåíèå: "Ïîëóãðóïïà í¼òåðîâà ïî óðàâíåíèÿì,
åñëè êàæäàÿ ñîâìåñòíàÿ ñèñòåìà íàä íåé èìååò ýêâèâàëåíòíóþ
êîíå÷íîþ ïîäñèñòåìû"íå ýêâèâàëåíòíî èñõîäíîìó.
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Ordered systems (óïîðÿäî÷åííûå ñèñòåìû)

An INFINITE system {t(X)ak = s(X)bk∣k ∈ K} is called ordered if
coe�cient-free terms t(X), s(X) (we admit the terms t(X), s(X) to be
empty) occur in each equation and moreover the one of the following
conditions holds:

1 ak < bk for all equations;

2 ak > bk for all equations;

3 ak = bk for all equations;

4 each equation has a view t(X)ak = s(X);

5 each equation has a view t(X) = s(X)bk.
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It is easy to solve an ordered system {t(X)ak = s(X)bk∣k ∈ K}.
Introduce new variables x = t(X), y = s(X) and solve the system with
two variables.

Óïîðÿäî÷åííûå ñèñòåìû ñâîäÿòñÿ ê ñèñòåìàì îò äâóõ ïåðåìåííûõ.
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Lemma Let S be an in�nite system over the semigroup Ai and S
depends on the variables X = {x1, . . . , xn}. Then S can be decomposed
into a �nite union of its subsystems

S = S1 ∪ S2 ∪ . . . ∪ Sm ∪ S̃,

where Si are ordered and S̃ is �nite.

Ëåììà Ïóñòü S � áåñêîíå÷íàÿ ñèñòåìà óðàâíåíèé íàä ïîëóãðóïïîé
Ai îò ïåðåìåííûõ X = {x1, . . . , xn}. Òîãäà S ïðåäñòàâèìà â âèäå
êîíå÷íîãî îáúåäèíåíèÿ ñâîèõ ïîäñèñòåì

S = S1 ∪ S2 ∪ . . . ∪ Sm ∪ S̃,

ãäå Si � óïîðÿäî÷åííûå, à S̃ � êîíå÷íàÿ ñèñòåìà.
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Semigroup A1

Theorem. A1 is weakly Noetherian, but not equationally Noetherian.

Òåîðåìà. Êîììóòàòèâíàÿ ïîëóãðóïïà A1 ñëàáà í¼òåðîâà, íî íå
ÿâëÿåòñÿ í¼òåðîâîé ïî óðàâíåíèÿì.

Hint: S = {xni = x∣i ∈ ℕ} = {x ≤ ni∣i ∈ ℕ}, VA1 = {n∞}.
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Semigroup A2

Theorem. A2 is u!-compact (and obviously q!-compact) but it is not
equationally Noetherian.

Òåîðåìà. Êîììóòàòèâíàÿ ïîëóãðóïïà A2 u!-êîìïàêòíà (è,
ñëåäîâàòåëüíî, q!-êîìïàêòíà), íî íå ÿâëÿåòñÿ í¼òåðîâîé ïî
óðàâíåíèÿì.

Hint: S = {xei = ei∣i ∈ ℕ} = {x ≥ ei∣i ∈ ℕ}, VA2
= {x∣x ≥ E0}.
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Semigroup A3

Òåîðåìà. A3 is q!-compact, but not u!-compact.

Òåîðåìà. Êîììóòàòèâíàÿ ïîëóãðóïïà A3 q!-êîìïàêòíà, íî íå
ÿâëÿåòñÿ u!-êîìïàêòíîé.

Hint: S = {xei = ei, yei = ei∣i ∈ ℕ} with
VA3 = {(x, y)∣x ≥ E0, y ≥ E0}.
VA3

(S) ⊆ VA3
(x ≤ y) ∪VA3

(x ≥ y).
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Evelina's will: the de�nitions of q!-compactness

Initial de�nition. The semigroup A is called q!-compact if for each
systems S depending on variables X = {x1, . . . , xn} and for an equation
t(X) = s(X) such that VA(S) ⊆ VA(t(X) = s(X)) there exists a �nite
systems S0 with VA(S0) ⊆ VA(t(X) = s(X)).
Formula de�nition. A semigroup is called q!-compact if for each
formula

∀ x1 . . . ∀ xn
⋀

(t=s)∈S

t(x̄) = s(x̄) → t0(x̄) = s0(x̄)

which is satis�ed by semigroup A there exist a �nite subsystem Sc ⊆ S
such that the formula

∀ x1 . . . ∀ xn
⋀

(t=s)∈Sc

t(x̄) = s(x̄) → t0(x̄) = s0(x̄)

holds at A.
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The q!-compactness of the semigroup A means that for an arbitrary
number n, a set S of atomic formulas and an arbitrary atomic formula
(t0 = s0) of the language ℒ the set

S ∪ {¬(t0 = s0)}

is a compact. In other words, the satis�ability of each �nite subset of S
at A implies the satis�ability of the whole set S.
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Evelina's will: the de�nitions of u!-compactness
Initial de�nition. The semigroup A is called u!-compact if for each
systems S depending on variables X = {x1, . . . , xn} and for equations
t1(X) = s1(X), . . . , tm(X) = sm(X) such that

VA(S) ⊆ ∪mi=1VA(ti(X) = si(X)),

there exists a �nite systems S0 with

VA(S0) ⊆ ∪mi=1VA(ti(X) = si(X)).

Formula de�nition. A semigroup is called q!-compact if for each in�nite
formula

∀ x1 . . . ∀ xn
⋀

(t=s)∈S

t(x̄) = s(x̄) →
m⋁
i=1

ti(x̄) = si(x̄)

which is satis�ed by semigroup A there exist a �nite subsystem Sc ⊆ S
such that the formula

∀ x1 . . . ∀ xn
⋀

(t=s)∈Sc

t(x̄) = s(x̄) →
m⋁
i=1

ti(x̄) = si(x̄)

holds at A.
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The q!-compactness of the semigroup A means that for an arbitrary
number n, set S of atomic formulas and an arbitrary atomic formulas
(t1 = s1), . . . , (tm = sm) of the language ℒ the set

S ∪ {¬(t1 = s1), . . . ,¬(tm = sm)}

is a compact. In other words, the satis�ability of each �nite subset of S
at A implies the satis�ability of the whole set S.
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KONEC (ÇÝ ÝÍÄ).
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