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Equations over groups

Usually the left side u of any equation u =1 over any group G is
element of a free product Gx = G * F(X), where X = {xq, ..., xx}
is considered as the set of variables.

We think that more naturally is to take free product in the variety

generated by G.

WA T EL MOV O TN EIES ZY N IRV R VANV (NI AWIGE  Asymptotic properties of equations in groups




Equations over groups

Usually the left side u of any equation u =1 over any group G is
element of a free product Gx = G * F(X), where X = {xq, ..., xx}
is considered as the set of variables.

We think that more naturally is to take free product in the variety
generated by G.

So we assume that

F(X) is a free group in the variety Var(G), and Gx = G * F(X) is
a free product in this variety.
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Equations over groups

Equations

An equation w = 1 in k variables is defined by any element
w € Gx.

WA T EL MOV O TN EISS ZY N DRV R VANV WA (NI  Asymptotic properties of equations in groups



Equations over groups

Equations

An equation w = 1 in k variables is defined by any element
w € Gx.

SAT (G, k) — set of all equations (in k variables) satisfiable (have
solutions) in G,
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Equations over groups

Equations

An equation w = 1 in k variables is defined by any element
w € Gx.

SAT (G, k) — set of all equations (in k variables) satisfiable (have
solutions) in G,

NSAT (G, k) — set of all equations (in k variables) not satisfiable in
G.
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Asymptotic densities

Stratificatio

Let

T be a countable set equipped with a size (or length) function
s: T — N such that for every n € N the ball
B, ={t € T |s(t) < n} is finite.
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Asymptotic densities

Let

T be a countable set equipped with a size (or length) function
s: T — N such that for every n € N the ball
B, ={t € T |s(t) < n} is finite.

The size function s induces a volume stratification of the set T:

T =U%,B, |

which gives a "direction” to infinity in T.
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Asymptotic densities

Relative freq

For a subset A C T and a finite subset B C T we define a relative
frequency

_lans

d(A|B) = Bl
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Asymptotic densities

Relative freq

For a subset A C T and a finite subset B C T we define a relative
frequency

d(A[B)

_|AnB| ’
B

Now, one can define the r-frequency (or r-density) of A with
respect to the stratification T (or the size function s) by

dr(A) = d(A[B,). J
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Asymptotic densities

Asymptotic

Now, the asymptotic density of A with respect to the stratification
T is defined as the following limit

ad(A) = limsup d,(A)

r—oo
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Asymptotic densities

Asymptotic d

Now, the asymptotic density of A with respect to the stratification
T is defined as the following limit

ad(A) = limsup d,(A) ’

r—oo

If the actual limit

sad(A) = lim d/(A) ’

exists then we call it the strict asymptotic density of A.
A is called generic if sad(A) =1 and it is negligible if sad(A) = 0.
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Asymptotic densities

Uniform asy
groups

The asymptotic density of any power set 7Z) € Zk is almost
obvious. But we need in estimates on the convergence rates that
we could not find in the literature.

Proposition 1. Let v,k € NT. Then

1) sad(vZ*¥) = 1/~%;

2) |dr(72k) 1/7 ’ < JF—1 X for every r > 7,
3) d,(yZ*) converges to 1/’y uniformly in ~.
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Asymptotic densities

Primitive and

An element x = x/*..x/* € A(X), where A(X) is the free abelian
group with basis X is called

primitive (visuable) )

if and only if it is a member of some basis of A(X), or,

equivalently, gcd(y1, ..., 7) = 1.
It is called

~v-primitive (y—visuable) |

if and only if it is y-power of some primitive element, or,
equivalently, gcd (1, ..., k) = 7-
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Asymptotic densities

Asymptotic
abelian gro

Let Py, be the set of all y-primitive elements in the free abelian
group A(X) of rank k.

The following result is well-known in number theory. In the case
k = 2 it was proved by F. Mertens (1874), in full generality it is
oo

due to Christopher. Below ((k) = >.°°; = 1/n* denotes Riemann
zeta-function.

Proposition 2. For each v € N we have

1

sad(Py ) = SRR
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Asymptotic densities

Uniform asy
abelian grou

Also we need in estimates on the convergence rates for the sets
Pi ~-

Proposition 3. Let v,k € NT, v > 2. Then

1) For every £ > 0 there exists r(e) € NT such that
|dr(Pky) — ﬁ(kﬂ < ﬁ

for every r > r(e).

2) d,(Px) converges to ﬁ(k) uniformly in .
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Free abelian groups

Equations

Let
A=2Z"
be a free abelian group with a basis {a1,...,am} (m > 1).

Now
X = Zk
is the free abelian group with a basis {x1,...,xx} (k > 1),

and
Ax = Ax X = Zmtk
is the free abelian group with a basis {x1, ..., Xk, a1, ..., 3m}.
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Free abelian groups

Satisfiable ec

Every element w € Ax can be uniquely written in the form

N Yk 501 am
w = x{"..x/*a) . .apm, J

where v1, ..., Yk, @1, ..., O € Z.

We call v = ged(71, ..., 7k) the exponent of w and denote it as
v = exp(w). In the exceptional case y1 = ... = 7, = 0 we define
exp(u) = 0.

WA T EL NGV O TN EISS ZY N DIV R VANV VA (NI  Asymptotic properties of equations in groups



Free abelian groups

Satisfiable eq
Every element w € Ax can be uniquely written in the form

N Yk 501 am
w = x{"..x/*a) . .apm, J

where v1, ..., Yk, @1, ..., O € Z.

We call v = ged(71, ..., 7k) the exponent of w and denote it as
v = exp(w). In the exceptional case y1 = ... = 7, = 0 we define
exp(u) = 0.

Lemma 1. An equation w = 1 of non-zero exponent v = exp(u)
has a solution in A if and only if v|gcd(as, ..., am). For k =1 and
v1 = £ # 0 there is the unique solution x; = a;al/%...a;a’"/%.
When exp(u) = 0 a solution exists if and only if a3 = ... = ap =0

(every tuple of k elements is a solution).
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Free abelian groups

Stratificatio

For a free abelian group Z9 a length function /: Z9 — N will

usually be the restriction to Z9 of || - ||ooc—norm from RY.
The norm || - || of an element u is defined as
[lull = max{|l, ..., 'l o], .., o} J

The function / : Ax — N is defined as /(u) = ||ul|.
There are the boxes B, = {w € Ax : I(w) < r}, and their slices
B/(v)={w e Ax : I(w) <r, exp(w) =7}, v=0,1,2,....
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Free abelian groups

One-variable

Theorem 1. For r,m € N™

| d(saT(a1) - 24 - o <Z(m—1)> .

r2
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Free abelian groups

One-variable

Theorem 1. For r,m € N™

| d(SAT(A,1)) — 2™ o <Z(’”_1)> .

The set SAT (A, 1) is negligible, and NSAT (A, 1) is generic.
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Free abelian groups

Multi-variable

Theorem 2. Assume that kK > 2, m > 1. Then the set SAT (A, k)
has the asymptotic density

C(k + m)

sad(SAT (A, k)) = RO
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Free nilpotent groups

Basic comm

Let N = N, be the free nilpotent group of rank m and class c.
Then every element u € Nx can be uniquely written in the form:

B N TR G 5j
u=x"..x“ art..ay" Hb-

Jj=1

where by < ... < b, denote the set of all basic commutators. We
assume that the ordering of all basic commutators of weight j > 2

is such that first s;_; ones depend in a; only, and other p;_1 —s5;_1
of them occur at least one of x;.
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Free nilpotent groups

The norm || - || of an element u € Nx is defined as

|ul| = max{|vil, |eu],10;| (i=1,....k;I=1,....m;j=1,..,p)}
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Free nilpotent groups

The norm || - || of an element u € Nx is defined as

|ul| = max{|vil, |eu],10;| (i=1,....k;I=1,....m;j=1,..,p)}

The function / : Nx — N is defined as /(u) = ||u||. There are the
boxes: B, = {u € Nx : I(u) < r}, and the slices:

Bry={u€ Nx :I(u) <r,v=-exp(u) = gcd(7,...,7) (or 0 if
v1=..=7=0)}.
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Free nilpotent groups

Main theore

Now we can formulate our main assertions for nilpotent case.

Theorem 3. Assume that k, m > 2,¢c > 2. Then the set
SAT (N, k) has the asymptotic density

C(k+m+s)

ad(SAT(N, k)) > OB

where s denote the total number of all basic commutators at
ai, ..., am of weights 2, ...,c — 1.
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Free groups

Let F = F,, be a free group of rank m > 2 with basis
F=Fm=A{f,....,fm}, and F(X) = Fy be a free group of rank

k > 1 with basis X = {x1,...,xx}. Then Fx = Fx F(X) = Fpik is
a space of all equations with variables from X and constants from
F.
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Free groups

Let F = F,, be a free group of rank m > 2 with basis
F=Fm=A{f,....,fm}, and F(X) = Fy be a free group of rank

k > 1 with basis X = {x1,...,xx}. Then Fx = Fx F(X) = Fpik is
a space of all equations with variables from X and constants from
F.

As before, Fx has the ball and spherical stratifications:
U = Fx,UP2yS, = Fx, relative to basis F U X.
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Free groups

Connection
free abelian

We need to recall two known results that relate asymptotics in Fq
and Ag.

Theorem by Sharp. Let a € A; and r € N. Then

lim, o ‘Uqrq/2(‘5|rs(3|)‘ |~ﬁr+1 a)\) e —||al2/202 r’ —0,
7 r+1
uniformly in a € A.

Here 02 = .1 (1+(q+\/V§Z 1)1/2).

V2q-1
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Free groups

Corollary

Corollary 1. There is a constant ¢ € N such that for any a € A,

|S2ry5,(a)l _c
and r €N 5o T <

where 6, = 0 if ||a||1 is even, and §, = 1 if ||a||1 is odd.

WA T EL MOV O TN EISS ZY N IRV R VANV VA (NI RWIGE  Asymptotic properties of equations in groups



Free groups

Theorem by Rivin For any D C R9 g > 2,

lim,— 00 |T1,|‘{W € Silu(w)/r/? € D}| = (

1 —||t]|2 /202
mee I Hz/odt_J
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Free groups

Asymptotic

Theorem 4.

The set SAT(F,1) is negligible relative to both ball and spherical
stratifications, so sad(SAT(F,1) = 0,sad(NSAT(F,1) = 1.
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Free groups

Split equatic

We say that an equation u = 1, u € Fy, splits if u = vg~!, and so
it is equivalent to equation

v=g,

where v = v(x1,...,xc) € F(X) and g € F.

Denote by V/(F, k) the set of all split equations in k variables over
F. Also let SATy/(F, k) and NSATy(F, k) be the sets of all
satisfiable and all unsatisfiable split equations from V/(F, k).
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Free groups

Conditions o

As usual, Ax = A x A(X) is the free abelian group of rank m + k,
the standard epimorphic image for i : Fx — Fx/F% = Ax. A basis
of Ax is taken as {ai,...,am}, and u(f;) = aj, p(xj) = ;.

The image of an element u € Fx under p can be uniquely written

as
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Free groups

As usual, Ax = A x A(X) is the free abelian group of rank m + k,
the standard epimorphic image for i : Fx — Fx/F% = Ax. A basis
of Ax is taken as {ai,...,am}, and u(f;) = aj, p(xj) = ;.

The image of an element u € Fx under p can be uniquely written

as

u_ N Yk 401 'm
u _X]. ...Xk 31 ceedm - J

We define exp(u) = exp(u*) = ged(71, ..., V).
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Free groups

As usual, Ax = A x A(X) is the free abelian group of rank m + k,
the standard epimorphic image for i : Fx — Fx/F% = Ax. A basis
of Ax is taken as {ai,...,am}, and u(f;) = aj, p(xj) = ;.

The image of an element u € Fx under p can be uniquely written

as

u_ N Yk 401 'm
u _X]. ...Xk 31 ceedm - J

We define exp(u) = exp(u*) = ged(71, ..., V).

Lemma 2. Let u € V(F, k). If exp(u) = 1 then u € SATy(F, k). J
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Free groups

In the paper by I.Kapovich, I.Rivin, P.Schupp, V.Shpilrain,
[Densities in free groups and 7, visible points and test elements,
Math. Research Letters, 14 (2007), no. 2, 263-284] the authors
relate two densities.

They prove that if E C Z9 is invariant under the natural action of
SL(q,Z) then the asymptotic density of SAT (A, k) in Ag and, the
so called, the annular density of its full preimage u~1(SAT(A, k))
in Fy are equal.
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Free groups

Main theore

Assume that k > 2 and k > m. Then the asymptotic density of the
set SATy(F, k) can be estimated as follows:
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Free groups

Main theore

Assume that k > 2 and k > m. Then the asymptotic density of the
set SATy(F, k) can be estimated as follows:

Theorem 5. ad(SATy(F, k)) > m J

The set NSAT(F, k) can be estimated too.
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