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Let R be a Abelian domain of integrity contains Z as a subring. We call
R binomial ring, if for every A € R and for every natural number n, the
ring R contains the binomial coefficient:

AA=DA=2)...(0—n+1)
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Definition
Let G be a nilpotent group of class m and R be a binomial ring. We call
group G R-group, if for every A € R and = € G there is unique element
x> in group G and on every elements z,y,z1,...,2, € G and \,u € R
the following axioms hold:

Q 2! =z, ik = 2 H, ()P = 2,

0 y'aty = (y'ay)*

2 m
Q@ z}...0) = (xl,...xn)’\ff*(X)...Tf;:* (X), where
X ={z1,...,z,}, 7:(X) — i-th Petrescu's word.




Partially commutat

Recall that for every i € N, i-th Petrescu’s word is defined by the
following recursive formula:

’ j o5 o7 o ci
ay.wy =1 (X)) (X)Ll (X)) (X)
in a free group F with generators x1,...,x,, in particular,
n
nX)=x122...2n, (X)= [ [2s,2;] mod y3(F), where
1<j, 1,j=1

~v3(F) is a third element of lower central series of group F.
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Partially commutat

Recall that for every i € N, i-th Petrescu’s word is defined by the
following recursive formula:

’ j o5 o7 o ci
ay.wy =1 (X)) (X)Ll (X)) (X)
in a free group F with generators x1,...,x,, in particular,
n
nX)=x122...2n, (X)= [ [2s,2;] mod y3(F), where
1<j, 1,j=1

~v3(F) is a third element of lower central series of group F.

In this talk we use nilpotent groups of class m = 2.




The variety 915 of nilpotent groups of class 2 is defined by the following
indentity:
Va,y, z [[z,y], 2] = 1.

In 915 we rewrite the axiom Ne3 from definition of R-group as follow:

CQ
3. o)) = (21, w0y N (X)), where To(z1, ... 1) =
n
[T [z
i< j,
i, =1
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The variety 915 of nilpotent groups of class 2 is defined by the following
indentity:
Va,y, z [[z,y], 2] = 1.

In 915 we rewrite the axiom Ne3 from definition of R-group as follow:

02
3.x0.m) = (21, .. mp) 7y N (X), where To(z1,. .. 1) =
n
[T [z 2]
<




Partially commutati

Let F), r be a free group in variety My p with base V = {a1,...,a,}.
Let T" be a finite simple (undirected, with no loops and multiple edges)
graph with the set of vertices V(I') = V and the set of edges E(I").
We define the partially commutative nilpotent R-group of class 2 in
variety M r as follow:

Gr = (V|Rr)m, ., where Rr = {[a;, a;] = 1|¥(a;,a;) € E(I')}.




Partially commutati

Let F), r be a free group in variety My p with base V = {a1,...,a,}.
Let T" be a finite simple (undirected, with no loops and multiple edges)
graph with the set of vertices V(I') = V and the set of edges E(I").
We define the partially commutative nilpotent R-group of class 2 in
variety M r as follow:

Gr = (V|Rr)m, ., where Rr = {[a;, a;] = 1|¥(a;,a;) € E(I')}.

In this talk we consider ring R as a rational numbers field Q. And then
we denote G as a partially commutative nilpotent Q-group of class 2.
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Partially commutative nilpo
Elements
[ef

Let G be a nilpotent R-group of class 2. A Cartesian power
G" =G x ... x G (n copies) is referred to as an affine space over G.
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Examples

Let G be a nilpotent R-group of class 2. A Cartesian power
G" =G x ... x G (n copies) is referred to as an affine space over G.

Let X = {z1,...,2,} be a set of letters and denote by G[X] a nilpotent
product G *m, , Fo r(X), where I5 z(X) is a free nilpotent R-group of
class 2 with base X.




tative g
Elements of algebraic geometry

Let G be a nilpotent R-group of class 2. A Cartesian power
G" =G x ... x G (n copies) is referred to as an affine space over G.

Let X = {z1,...,2,} be a set of letters and denote by G[X] a nilpotent
product G *m, , Fo r(X), where I5 z(X) is a free nilpotent R-group of
class 2 with base X.

A system S of equations over G is a subset in G[X]. An element u € S
can be conceived of as a noncommutative polynomial in variables
Z1,...,%, with coefficients from G. An element p = (g1,...,9,) € G™ is
called a root of a polynomial u = u(x1,...,x,) if u(g1,...,9,) = 1in G.
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tative g o
Elements of algebraic

Let G be a nilpotent R-group of class 2. A Cartesian power
G" =G x ... x G (n copies) is referred to as an affine space over G.

Let X = {z1,...,2,} be a set of letters and denote by G[X] a nilpotent
product G *m, , Fo r(X), where I5 z(X) is a free nilpotent R-group of
class 2 with base X.

A system S of equations over G is a subset in G[X]. An element u € S
can be conceived of as a noncommutative polynomial in variables
Z1,...,%, with coefficients from G. An element p = (g1,...,9,) € G™ is
called a root of a polynomial u = u(x1,...,x,) if u(g1,...,9,) = 1in G.

Let S be a subset in G[X]; then p is called a root of S if p is a root for
every u € S.
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Partially commutative nilpote:
Elemen

Universal

A subset V in the affine space G™ is called an algebraic set over G if V' is
the set of all solutions to a system of equations S C G[X].




Partially col

A subset V in the affine space G™ is called an algebraic set over G if V' is
the set of all solutions to a system of equations S C G[X].

The radical of S is defined thus:

Rad(V) = {u € G[X]|u(p) =1 for all p e V'}.




Let L be a group language with no constants.

Definition

Groups A and B are said to be geometrically equivalent in L if for any
natural number n and for any system S of equations in n variables holds:

RadA(S) = RadB(S).

In other words, the geometrical equivalence of two groups means that
finding a solution for a system of equations in one group is equivalent to
finding a solution for the same system in the other group.
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Let Gr, and Gr, be two non-abelian partially commutative nilpotent
Q-groups of class 2. Then Gr, and Gr, are geometrically equivalent.
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Geometrical equivalence

Let Gr, and Gr, be two non-abelian partially commutative nilpotent
Q-groups of class 2. Then Gr, and Gr, are geometrically equivalent.

In proof we use two results:

Lemma (coefficient-free case)

Two algebras B and C are geometrically equivalent if and only if

pvar(B),, = pvar(C),.
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Theorem (coefficient-free case) [A. Miasnikov, V. Remeslennikov]

Let a group G be equationally Noetherian. Then, for any finitely
generated group H, the conditions below are equivalent:

@ H is the coordinate group of some non-empty algebraic set over G;
e H is separated by G (H € Res(G));

e H € pvar(G);

e H e qvar(G).

M YNGR VINU  (...ctvical and universal geometrical equivalencies for partially



Definition

Two groups A and B are said to be universally geometrically equivalent
in a language L if, for any natural n and for any system S of equations in

n variables,
Rad4(S) = Radg(S),

and the radical Rad 4(.S) is irreducible over A if and only if Radp(S) is
irreducible over B.




Universal geometrical equivalence
xistential f mt

Definition
Two groups A and B are said to be universally geometrically equivalent
in a language L if, for any natural n and for any system S of equations in

n variables,
Rad4(S) = Radg(S),

and the radical Rad 4(.S) is irreducible over A if and only if Radp(S) is
irreducible over B.

Two partially commutative nilpotent Q-groups of class 2 G, and Gr,
are universally geometrically equivalent if and only if ®(Gr,) = ®(Gr,).

Here, ®(Gr) is a set of existential formulas ¢(T") of special form, hold on
Gr.
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Let T be a finite simple (undirected, with no loops and multiple edges)
graph with vertex set X = {x1,...,2,}. We define existential formula
o(T) corresponding to graph T in the following way:

O(T) =3Fx1,...,2n (/\[a:z,a:, —1/\/\:1:k,xl 751/\/\:1317537 A /\ x; £ 1)

,J i#] i=1,n

Denote by ®(G) the set of all formulas ¢(T") which hold on group G.




Existential formulas

Theorem [A. Mishchenko, A. Treyer]

Let Gr be a partially commutative nilpotent Q-group of class 2. The
existential formula ¢(T") holds on Gr for arbitrary graph T if and only if
there exists graph T'g that the next conditions hold:

e I’y is product of applying sequence of elementary inflations and
deflations of first, second or third type to graph T';

e T is full subgraph of T'y.
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Existential formulas

o
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Existential formulas

,U/
U1 Vo V1 V2
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Existential formulas

,U/
U1 Vo V1 V2
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Examples

In particular case when graph I' is a path of length n — 1 (n — 1 — edges,
n — vertices) we denote group Gr as G,,.

[ ® ® ® ®
a1 ag as Gy as

Path with length 4.




Existential formulas

In particular case when graph I' is a path of length n — 1 (n — 1 — edges,
n — vertices) we denote group Gr as G,,.

[ ® ® ® L)
a1 ag as Gy as

Path with length 4.

Theorem [A. Mishchenko, A. Treyer]

The existential formula ¢(T") holds on G,, for arbitrary graph T if and
only if there exists graph T” that the next conditions hold:

o T' is product of full deflation first or second type of graph T’
o T’ € Pathy, where k < n.

M YNGR VINWC  (....ctvical and universal geometrical equivalencies for partially



Examples

Pathy, is a class of graphs obtained from path length k& by adding
pendant vertices to internal vertices.

.XP’\T/’.X.




Examples

Let T be a graph path 4:

[ @ @ @ L
a1 ag as aq as
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Examples

Let T be a graph path 4:

[ @ @ @ L
a1 ag as aq as

And T be a graph path 3:

[ J @ @ L
ai ag as Gy
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Examples

Let T be a graph path 4:

° ' ° ° ®
a1 az as Gy as
And T be a graph path 3:

[ J @ @ L
ai ag as Gy

Formula ¢(T") does not hold on group Gr (Gr = G4)
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Examples

Let T be a graph path 4:

[ @ @ @ L
a1 ag as (o7} as

And T be a graph path 3:

[ J @ @ L
ai ag as Gy

Formula ¢(T") does not hold on group Gr (Gr = G4)
(G4) # ©(Gs)
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Examples

Let T be a graph path 4:

° ' ° ° ®
a1 az as Gy as
And T be a graph path 3:

[ J @ @ L
ai ag as Gy

Formula ¢(T") does not hold on group Gr (Gr = G4)

D(Gy) # B(Gs)

Groups G4 and G5 are not universally geometrically equivalent (Theorem
2).
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Examples

Let T be a graph path 4:

° ' ° ° ®
a1 az as Gy as
And T be a graph path 3:

[ J @ @ L
ai ag as Gy

Formula ¢(T") does not hold on group Gr (Gr = G4)

(Gq) # 0(G5)

Groups G4 and G5 are not universally geometrically equivalent (Theorem
2).

Groups G4 and G5 are geometrically equivalent (Theorem 1).
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Examples

Thank you
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