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m Dehn (1910-1912) proved that the word problem for the
standard presentation of the fundamental group of a closed
oriented surface of genus at least two is solvable by what is
now called Dehn'’s algorythm. The direct consequence of this
fact is that for this presentation the Dehn function satisfies
Dehn(n) < n.

m Gromov (1987) introduced the formal notion of an
isoperimetric function and a Dehn function in his monograph
"Hyperbolic groups” .
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Let G = F,/R be f.p. group. P(G) =< x1,...,X¢|r1,. . Fm > is
its corresponding presentation.

Clearly, the equality w =¢ 1 is equivalent to w =F, g1g> ... &s,

f;.
where g; = <rf_’
J

The area S(w) of a word w =¢ 1 is least s for which we have this
expression.

Definition
The Dehn function of G is the function

D(n) = max  S(w).
(n) o max (w)
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m D. B. A. Epstein, J. W. Cannon, D. Holt, S. Levy, M.
Paterson, W. Thurston. (1992): Automatic groups (and,
particulary abelian groups) satisfy quadratic isoperimetric
inequalities.

m N. Brady, and M. R. Bridson (2000): The set of real numbers
d, such that there exists a finitely presented group with Dehn
function equivalent to n?, is dense in the interval [2; c0)

m Gersten S.M., Holt D.F. and Riley T.R. (2003): Every finitely
generated nilpotent group G admits a polynomial
isoperimetric inequality of degree ¢ + 1, where c is the
nilpotency class of G.
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Define Q, = {w =¢ 1||w| < n}, the set of words in alphabet X,
whose values in G equal 1 and whose length does not exceed a
given number n.

The following definition can be found in M.Gromov's article

" Asymptotic invariants of infinite groups” (1993)

2 S(w)

weQn
1] -

The averaged Dehn function of G is the function o(n) =
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Hypothesis

The averaged Dehn function of free abelian groups is subquadratic;
I.e.

im 70—,
n—oo N

Question

Is averaged Dehn function subasymptotic (i.e. g((';)) — 0) for
another groups?
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m E. G. Kukina and V. A. Roman’kov (2003): Averaged Dehn
function for free abelian groups is subquadratic.

m O. Bogopolskii and E. Ventura (2008) proved, that
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definition of averaged Dehn function is diffrent!)

m E.G.Kukina (2003) found the example of group G with
sublinear averaged Dehn function.
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Classic definition:
We write f < g, if there are positive constants a, b, ¢, d such that

f(n) < ag(bn)+cn+d

foreveryn. And f ~ g iff f < gand g <X f.

New definition:
We write f < g, if there are positive constants a, b, d such that

f(n) < ag(bn)+d

foreveryn. And f ~ g iff f < gand g <X f.
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Let ¥(X) is free monoid generated by X U X~ 1.

Call v : ¥(X) — N a complexity function whenever v has finite
fibers: card ', < oo for each n, where

Mo = {w € S(X)ly(w) = n}.

Given some probability measure {p, = P{{ = n}} on N, define the
probability measure on ¥(X) by

Pn

rn :P pumy = n: .
Yw ey p(w)=PE=w)=m= "

Call probability good, if p, # 0Vn.
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Definition

Relative averaged Dehn function is the function

5> pW)S(w)
U AR

where Q) = {w =¢ 1|v(w) = n}.

One of most usable examples of complexity function is lenght

(y(w) = [wl).
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Relative averaged Dehn function is bounded below by positive
constant, except free group in its natural presentation.

Theorem

Let G is f.p. group and §(n) < k” and {py} is good probability
with property M&P < co. Then 3C > 0

¢(n) < C.
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