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Equationally Noetherian property

Let L be a functional language. Let A be an algebraic structure in

the language L.

De�nition 1

An algebraic structure A is called equationally Noetherian if for any

positive integer n and any system of equations

S ⊆ AtL(x1, x2, . . . , xn) there exists a �nite subsystem S0 ⊆ S such

that VA(S) = VA(S0).

De�nition 1'

An algebraic structure A is called equationally Noetherian if for any

positive integer n and any system of equations

S ⊆ AtL(x1, x2, . . . , xn) there exists a �nite subsystem S0 ⊆ S such

that for any c ∈ RadAS we have c ∈ RadA(S0).

By N denote the class of equationally Noetherian algebras.
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Weakly equationally Noetherian property

De�nition 2

An algebraic structure A is called weakly equationally Noetherian if

for any positive integer n and any system of equations

S ⊆ AtL(x1, x2, . . . , xn) there exists a �nite system

S0 ⊆ AtL(x1, x2, . . . , xn) such that VA(S) = VA(S0).

By N′ denote the class of weakly equationally Noetherian algebras.
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qω-compactness property

De�nition 3

An algebraic structure A is called qω-compact if for any positive

integer n, any system of equations S ⊆ AtL(x1, x2, . . . , xn), and any

equation c ∈ RadA(S) there exists a �nite subsystem Sc ⊆ S such

that c ∈ RadA(S).

De�nition 3'

An algebraic structure A is called qω-compact if for any positive

integer n, any system of equations S ⊆ AtL(x1, x2, . . . , xn), and any

equation c ∈ AtL(x1, x2, . . . , xn) such that VA(S) ⊆ VA(c) there

exists a �nite subsystem Sc ⊆ S such that VA(Sc) ⊆ VA(c).
By Q denote the class of qω-compact algebras.
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The main result

From De�nitions 1, 2, and 3, obviously, we have

N = N′ ∩Q.

We proved that

N  N′ and N  Q.
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Example 1 (N 6= N′)

Let Mn = {x : x 6 0 ∨ x > n}, n ∈ N∗, M∞ = {x : x 6 0},

vn(x) =

{
−1 + 1

2 arctg x , n = ∞,
−n − 1 + 1

2 arctg x , èíà÷å,

Consider the following algebra:

A1 = 〈R; 0,F∞,F1,F2, . . . ,Fn, . . .〉 ,

Fn(x) =

{
0, x ∈ Mn,
vn(x), èíà÷å.

We claim that the algebra A1 is weakly equationally Noetherian but

is not equationally Noetherian.
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Example 2 (N 6= Q)

Let gn : N→ N (n ∈ N∗) such that

gn(x) :=


2n, x = 2n + 1,
2n + 1, x = 2n,
x , otherwise.

Let I = {i1, . . . , in} ⊂ N∗, |I | < ∞,

fI := gi1 ◦ gi2 ◦ . . . ◦ gin , f∅ := id.

We have

fI ◦ fJ = fI4J , fI ◦ fJ = fJ ◦ fI ,

fI ◦ fI = id, (fI )
−1 = fI ,

where 4 is the symmetric di�erence.

Let A2 =
〈
N; {gn}n∈N∗

〉
.

We claim that the algebra A2 is qω-compact but is not equationally

Noetherian.
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