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What Is Universal Algebraic Geometry?

Universal algebraic geometry =

= transfer of general notions and ideas from concrete algebraic
geometries to the case of arbitrary algebraic structure +

+ formulation and proof of general results not using technique
and properties, specific for concrete algebraic structures +

+ development of theory along with decision of new problems
arising in this area.
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Unification Theorem A

Theorem

Let A be an equationally Noetherian algebra in a language L
(with no predicates). Then for a finitely generated algebra C of
L the following conditions are equivalent:

@ Thy(A) C Thy(C), i.e., C € Ucl(A);

@ Th3(A) 2 Thy(C);

© C embeds into an ultrapower of A;

© C is discriminated by A;

© C is alimit algebra over A;

Q C is an algebra defined by a complete atomic type in the
theory Thy(A) in L;

@ C is the coordinate algebra of a non-empty irreducible

algebraic set over A defined by a system of equations in
the language L.
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Unification Theorem B

Theorem

Let A be an equationally Noetherian algebra in a language L
(with no predicates). Then for a finitely generated algebra C of
L the following conditions are equivalent:

@ C € Qvar(A), i.e, Thyi(A) C Thei(C);

© C cPvar(A);

© C embeds into a direct power of A;

Q C is separated by A;

@ C is a subdirect product of finitely many limit algebras over
A:

Q C is an algebra defined by a complete atomic type in the
theory Thy;(A) in L;

@ C is the coordinate algebra of a non-empty algebraic set
over A defined by a system of equations in the language L.
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Equationally Noetherian Algebras

Definition
An algebra A is equationally Noetherian, if for any positive
integer n and any system of equations S(xi, ..., X,) there

exists a finite subsystem Sy C S such that V(S) = V(Sp).
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Language

A first-order language (or signature) is a set
L = {set of constant symbols c}U{set of functional symbols F}.

Note: We consider only languages with no predicates.

Every functional symbol F is given with their arity ng .
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Terms and Atomic Formulas

Terms in a language £ in variables X are formal expressions
defined recursively as follows:

@ variables xq, x», ..., X, and constants from £ are terms;
@ ifty,..., thareterms and F(xy,...,Xn) € L is function then
F(ty,..., tn)is aterm.

Atomic formulas are formulas of the form (¢t = s), where t, s are
terms.
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Formulas

Formulas in £ in variables X are defined recursively as follows:
@ atomic formulas are formulas;

@ if & and V are formulas then =, (¢ vV V), (¢ A V), (& — V)
are formulas;

@ if ® is a formula and x is a variable then Vx ¢ and 3Ix ¢ are
formulas.
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Formulas

Formulas in £ in variables X are defined recursively as follows:
@ atomic formulas are formulas;

@ if & and V are formulas then =, (¢ vV V), (¢ A V), (& — V)
are formulas;

@ if ® is a formula and x is a variable then Vx ¢ and 3Ix ¢ are
formulas.

One of the principle results in mathematical logic states that
any formula @ is equivalent to a formula V¥ in the following

prenex form:
m Sj

Q1X1...Qan /\\/wij s

i=1 j=1

where @Q; € {V,3} and ¥ is an atomic formula or its negation.
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Universal Formulas and Quasi-ldentities

Recall that a universal formula in £ is a formula with no free
variables of the type

m s

VXq ... /\\/W// ;éV// X) |,

i=1j=1
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Universal Formulas and Quasi-ldentities

Recall that a universal formula in £ is a formula with no free
variables of the type

m s

Vx4 n |\ wi(%)zvi(X) |,

i=1j=1

and a quasi-identity is a universal formula of the type

where t, s, t;, sj, wj;, vjj are terms in L in variables
X =(X{,...,Xn)-
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Examples

Definition

Domain is a associative commutative ring with no zero-devisors
and 1 #£ 0.
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Examples

Definition

Domain is a associative commutative ring with no zero-devisors
and 1 #£ 0.

Let £, = {+,—,-,0,1} be the language of rings.

VX, y x-y=y-X
vVx,y x-y=0 — x=0vy=0,
1#£0.
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Examples

Definition

Domain is a associative commutative ring with no zero-devisors
and 1 #£ 0.

Let £, = {+,—,-,0,1} be the language of rings.

VX, y x-y=y-X
vVx,y x-y=0 — x=0vy=0,
1#£0.

These universal formulas axiomatize the universal class of
domains in the variety of all associative rings with 1.
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Examples

Definition

Group Gis a CSA-group if every maximal abelian subgroup H
in G is malnormal. Subgroup H in G is malnormal if HY " H = 1
forallge G\ H.
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Examples

Definition
Group G is a CSA-group if every maximal abelian subgroup H
in G is malnormal. Subgroup H in G is malnormal if H9 N H = 1

forallge G\ H.

Let £, = {-,~", 1} be the language of groups.
CT: Vx,y,z x#1A[xy]l=[x,2]1=1 — [y.z]=1,

vx,y ¥, x]=1 — [x,y]=1.

Evelina Daniyarova Universal Algebraic Geometry



Examples

Definition
Group G is a CSA-group if every maximal abelian subgroup H
in G is malnormal. Subgroup H in G is malnormal if H9 N H = 1

forallge G\ H.

Let £, = {-,~", 1} be the language of groups.
CT: Vx,y,z x#1A[xy]l=[x,2]1=1 — [y.z]=1,

vx,y ¥, x]=1 — [x,y]=1.

These universal formulas axiomatize the universal class of
CSA-groups in the variety of all groups.
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Examples

Let k be a field and L. = {+,[,],0, -, « € k} the language of
Lie algebras over field k.
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Examples

Let k be a field and L. = {+,[,],0, -, « € k} the language of
Lie algebras over field k.

Quasi-identities

VX, y.z,w [[X,y],[Z, W]] =0,

VX,y [[X’y]vy]ZO/\[[y7X]7X]:O - [va]:Oa

axiomatize the quasi-variety of metabelian Lie algebras with
abelian the Fitting’s radicals in the variety of all Lie algebras
over field k.
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Theories

Let A be an algebra in a language L.

We denote by Thy(.A) the set of all universal formulas in £
which hold on algebra A. Similarly, Thy;(.A) is the set of all
quasi-identities in £ which hold on A.
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Theories

Let A be an algebra in a language L.

We denote by Thy(.A) the set of all universal formulas in £
which hold on algebra A. Similarly, Thy;(.A) is the set of all
quasi-identities in £ which hold on A.

Definition

The set Thy(.A) is named universal theory of the algebra .A. The
set Thy;(A) is named quasi-equational theory of the algebra A.
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Theories

Let A be an algebra in a language L.

We denote by Thy(.A) the set of all universal formulas in £
which hold on algebra A. Similarly, Thy;(.A) is the set of all
quasi-identities in £ which hold on A.

Definition

The set Thy(.A) is named universal theory of the algebra .A. The
set Thy;(A) is named quasi-equational theory of the algebra A.

Algebras A and B in a language £ are termed universally
equivalent, if Thy(.A) = Thy(B). In this case we write A =y B5.
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Maltsev Universal Equivalence Criterion

Algebraic structures A and B in a language £ are universally
equivalent iff they have the same local submodels.

@ A.l.Malcev, Algebraic structures, Nauka, Moscow, 1970.
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Universal Classes and Quasi-Varieties

Definition
The universal closure of A is the class of all algebras in £
which satisfy all formulas from Thy(.A).

We denote it by Ucl(A).
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Universal Classes and Quasi-Varieties

Definition
The universal closure of A is the class of all algebras in £
which satisfy all formulas from Thy(.A).

We denote it by Ucl(A).

For two algebras A and B in a language £ holds:

Thy(A) C Thy(B) <= B e Ucl(A).
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Universal Classes and Quasi-Varieties

Definition
The universal closure of A is the class of all algebras in £
which satisfy all formulas from Thy(.A).

We denote it by Ucl(A).

For two algebras A and B in a language £ holds:

Thy(A) C Thy(B) <= B e Ucl(A).

Definition
Quasi-variety generated by A is the class of all algebras in £
which satisfy all formulas from Thg;(.A).

We denote it by Qvar(.A).
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Unification Theorem A

Theorem

Let A be an equationally Noetherian algebra in a language L
(with no predicates). Then for a finitely generated algebra C of
L the following conditions are equivalent:

@ Thy(A) C Thy(C), i.e., C € Ucl(A);

@ Th3(A) 2 Thy(C);

© C embeds into an ultrapower of A;

© C is discriminated by A;

© C is alimit algebra over A;

Q C is an algebra defined by a complete atomic type in the
theory Thy(A) in L;

@ C is the coordinate algebra of a non-empty irreducible

algebraic set over A defined by a system of equations in
the language L.
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Unification Theorem B

Theorem

Let A be an equationally Noetherian algebra in a language L
(with no predicates). Then for a finitely generated algebra C of
L the following conditions are equivalent:

@ C € Qvar(A), i.e, Thyi(A) C Thei(C);

© C cPvar(A);

© C embeds into a direct power of A;

Q C is separated by A;

@ C is a subdirect product of finitely many limit algebras over
A:

Q C is an algebra defined by a complete atomic type in the
theory Thy;(A) in L;

@ C is the coordinate algebra of a non-empty algebraic set
over A defined by a system of equations in the language L.
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Logical Foundation

There are three perspectives for investigation in algebraic
geometry over algebra A:

@ algebraic,

© geometrical,

© logic.
Logical approach is connected with examination of universal
class Ucl(.A) and quasi-variety Qvar(.A).
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Theorem (Gorbunov, Maltsev)

Q Ucl(A4) = L(A);

@ Ucl(A) = SRy(A);

© Qvar(A) = SP(A),

Q Qvar(A) = SPR,(A) = SRP(A);

© Qvar(A) = SRP,(A);

O Qvar(A) = LSP(A);

@ Quar(A4) = SLP(A) = LsSP(A) = LR (A) = LSP(A).

V.

@ V.A.Gorbunov, Algebraic theory of quasivarieties,
Nauchnaya Kniga, Novosibirsk, 1999; English transl.,
Plenum, 1998.

@ A.l.Malcev, Algebraic structures, Nauka, Moscow, 1970.
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Equationally Noetherian algebras

Let A be an equationally Noetherian algebra. Then the
following algebras are equationally Noetherian too:

@ every algebra from Qvar(.A);
@ every algebra from Ucl(A).
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Discrimination and Separation

Let A and B are algebras in a language L.

Definition

We say that algebra B is separated by algebra A if for any
distinct elements by, b, € B there exists a homomorphism
h: B — A such that h(by) # h(b).
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Discrimination and Separation

Let A and B are algebras in a language L.

Definition

We say that algebra B is separated by algebra A if for any
distinct elements by, b, € B there exists a homomorphism
h: B — A such that h(by) # h(b).

| A

Definition

We say that an algebra B is discriminated by algebra A if for
any finite set W of elements from B there exists a
homomorphism h : B — A whose restriction onto W is injective.)
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Examples

Let F> = (x, y) be the free Lie algebra over a field k of rank 2.
Then:

© F, x F;, is separated by Fp,
@ F> x F, is not discriminated by F».
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Let A and B be algebras in a language £. Then:
@ if B is separated by A then B € Qvar(.A);
@ if B is disciminaded by A then B € Ucl(A).
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Let F; be the free non-abelian group of rank r. Then:




Let F; be the free non-abelian group of rank r. Then:
a F2 g FI’)
F> = (x, y) contains free group F., of countable rank:

Foo = (x7Tyx, x2yx?, x3yx3, ..,

thus, F, is discriminated by Fp, for all r,m > 2,
thus, Fr =y Fp forall r,m > 2.




Examples

Let F, be the free non-abelian group of rank r. Then:
o F2 g Ff's
© F> = (x,y) contains free group F., of countable rank:

=33 >
b

Foo = (x7'yx, x72yx2, x3yx3, ...

Evelina Daniyarova Universal Algebraic Geometry



Examples

Let F, be the free non-abelian group of rank r. Then:
o F2 g Ff's
© F> = (x,y) contains free group F., of countable rank:

—3,,v3 >
b

Foo = (x7'yx, x72yx2, x3yx3, ...

© thus, F; is discriminated by Fp, for all r,m > 2,
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Examples

Let F, be the free non-abelian group of rank r. Then:
o F2 g Ff's
© F> = (x,y) contains free group F., of countable rank:

—3,,v3 >
b

Foo = (x7'yx, x72yx2, x3yx3, ...

© thus, F; is discriminated by Fp, for all r,m > 2,
©Q thus, F, =y Fpforallr,m> 2.
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Examples

Let F be the free non-abelian Lie algebra over a field k of rank
r. Then:

o F2 g Ff's
@ F, = (x,y) contains free Lie algebra F., of countable rank:

Foo = (ly, Xl [y, xlx], ([lly, X X1, x], ),

© thus, F; is discriminated by Fp, for all r,m > 2,
© thus, F, =y Fpforallr,m> 2.
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Examples

Let F, be the free non-abelian associative algebra over a field k
of rank r. Then:

o F2 g Ffﬁ
@ F, = (x,y) contains free associative algebra F, of
countable rank:

Foo = (X, yXX, yXXX, ...),

© thus, F; is discriminated by Fp, for all r,m > 2,
© thus, F, =y Fpforallr,m> 2.
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Examples

Let F, be the free non-abelian metabelian Lie algebra over a
field k of rank r.

@ If field k is infinite then F; is discriminated by F,,, and

Fr =y Fpforallr,m> 2.

Q It field k is finite then F; is not discriminated by F,,, and
Fr#£y Fpforallr > m> 2.
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Geometrical Equivalence

Let A and B be algebras in a language L.

Definition

We say that algebras .A and B are geometrically equivalent if
for any natural number n and any system of equations

S(x1, ..., Xn) the equality

Rad 4(S) = Radp(S)

holds. J
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Geometrical Equivalence

Let A and B be algebras in a language L.

Definition

We say that algebras .A and B are geometrically equivalent if
for any natural number n and any system of equations

S(x1, ..., Xn) the equality

Rad 4(S) = Radg(S)

holds.

B.l. Plotkin asked: When to algebras .A and B are
geometrically equivalent?

@ B.I. Plotkin, Algebras with the same (algebraic) geometry,
Tr. Mat. Inst. Steklova, 242, 2003, pp. 176-207.
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Geometrical Equivalence

Lemma

The following conditions are equivalent:
@ A and B are geometrically equivalent;

© the class of coordinate algebras of algebraic sets over A
coincides with the class of coordinate algebras of algebraic
sets over B;

© Res(A), = Res(B)..
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Geometrical Equivalence

Lemma

The following conditions are equivalent:
@ A and B are geometrically equivalent;

© the class of coordinate algebras of algebraic sets over A
coincides with the class of coordinate algebras of algebraic
sets over B;

© Res(A), = Res(B)..

Res(.A),, = class of finitely generated algebras which separated
by algebra A.
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Geometrical Equivalence

Lemma

The following conditions are equivalent:
@ A and B are geometrically equivalent;

© the class of coordinate algebras of algebraic sets over A
coincides with the class of coordinate algebras of algebraic
sets over B;

© Res(A), = Res(B)..

Res(.A),, = class of finitely generated algebras which separated
by algebra A.

Let A and B be equationally Noetherian algebras in a language
L. Then the following conditions are equivalent:

@ A and B are geometrically equivalent;
@ Qvar(A) = Qvar(B).
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Universal Geometrical Equivalence

Let A and B be algebras in a language L.
Algebras A and B are universally geometrically equivalent if

@ the class of coordinate algebras over A coincides with the
class of coordinate algebras over B;

© the class of irreducible coordinate algebras over A
coincides with the class of irreducible coordinate algebras
over B.
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Universal Geometrical Equivalence

The following conditions are equivalent:
@ A and B are universal geometrically equivalent;
© Dis(A), = Dis(B)..
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Universal Geometrical Equivalence

The following conditions are equivalent:
@ A and B are universal geometrically equivalent;
© Dis(A), = Dis(B)..

Dis(.A),, = class of finitely generated algebras which
discriminated by algebra A.
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Universal Geometrical Equivalence

The following conditions are equivalent:
@ A and B are universal geometrically equivalent;
© Dis(A), = Dis(B)..

Dis(.A),, = class of finitely generated algebras which
discriminated by algebra A.

Let A and B be equationally Noetherian algebras in a language
L. Then the following conditions are equivalent:

@ A and B are geometrically equivalent;
e A =V B.
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Examples

All abelian torsion-free groups are universal equivalent to each
other. So, they have the same algebraic geometry.
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Prevarieties

Let A be an algebra in a language L.

Definition
Prevariety Pvar(.4) generated by algebra A is the least class of
algebras in £, such that:

@ it contains algebra A;
@ it closed under direct products;
@ it closed under subalgebras.
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Existential Formulas and Classes

Negations of universal formulas are existential formulas:

m Sj

Ixq | A\ wi(X)Zv(x

i=1j=1

We denote by Ths(.A) the existential theory of algebra A =
= the set of all existential formulas in £ which hold on A.
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Existential Formulas and Classes

Negations of universal formulas are existential formulas:
m Sj
Ixq n | A\ wi(X)Zv(x) | -
i=1j=1

We denote by Th3(.A) the existential theory of algebra A =
= the set of all existential formulas in £ which hold on A.

For two algebras A and B in a language £ hold:
® Thy(A) C Thy(B) = Tha(A) 2 Thy(B);
@ A=yB <+— A=5B.
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Unification Theorem A

Theorem

Let A be an equationally Noetherian algebra in a language L
(with no predicates). Then for a finitely generated algebra C of
L the following conditions are equivalent:

@ Thy(A) C Thy(C), i.e., C € Ucl(A);

@ Th3(A) 2 Thy(C);

© C embeds into an ultrapower of A;

© C is discriminated by A;

© C is alimit algebra over A;

Q C is an algebra defined by a complete atomic type in the
theory Thy(A) in L;

@ C is the coordinate algebra of a non-empty irreducible

algebraic set over A defined by a system of equations in
the language L.
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Unification Theorem B

Theorem

Let A be an equationally Noetherian algebra in a language L
(with no predicates). Then for a finitely generated algebra C of
L the following conditions are equivalent:

@ C € Qvar(A), i.e, Thyi(A) C Thei(C);

© C cPvar(A);

© C embeds into a direct power of A;

Q C is separated by A;

@ C is a subdirect product of finitely many limit algebras over
A:

Q C is an algebra defined by a complete atomic type in the
theory Thy;(A) in L;

@ C is the coordinate algebra of a non-empty algebraic set
over A defined by a system of equations in the language L.
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